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<=dif [1];5++)

© for (kedif [1]+ 425 kes)
s

« Glcounter,1]=—((A[1,1]+uli]*+A[1,2])*(vIj1#A[1,1]+A[1,2] }=(v k]*Al1,1]+Al1,2]) )/ (A[1,1]%A[1,2]*(A[1,1]*A([2,2]-Al2,1]%A[1,2])%(A (1,1
A3,21-A13,11+A11,2] )#(A[1,1]1+A[4,2]-A[4,1]%A[1,2]))

. Glcounter,21=({A[2, 1]+uli]*A[2,2] )*(v[jl*A[2,1]+A[2,2] )= (v [Kk]*A[2,1]+A[2,2]) )/

+ (A[2,11%A[2,2]%(A[1,1]#A[2,2]-A[2, 11+AT1,2] )%(A[2,11+A[3,2]-A[3,1]+A[2, 2] )+ (A[2, 1] #A[4, 2] -A[4,11#A[2,2]))

« Glcounter,31=—({A[3,1]+ulil*A[3,2])*(v[j1+A[3,1] +A[3,2] }*(v [kI*A[3,1] +A[3,2]))/

« (AI3,1]%A[3,2]*(A[1,1]#A[3,2]-A[3,1]%Al1,2] ) x(A[2,1]1%A[3,2]-A[3,1]%A[2,2] )+ (A3, 1] *A[4, 2] -A[4,1]A[3,2])) ;

+ Glcounter,41=((A[4,1]+u[1]+A[4,2] )+(v[j]+A[4,1]+A[4,2] )x(vIKI*A[4,1]+A[4,21) )/

- (A[4,1]%A[4,2]x(A[1,1]#A[4,2]-A[4,1]+AT1,2] )+ (A[2,1]+A[4,2]-A[4,1]+A[2,2] )+ (A3, 1] *A[4, 2] -A[4,1]A[3,2]));

. counter=counter+l;
}

© down=nin(dif[il,dif (k]

. up=max(dif[i],dif [k])-1;

. for (j=down;j<=up;j++)
{

- Glcounter,1]==({A[1,1]+u[i]*A[1,2])*(A[1,1]+u[k]*A[1,2])*(v [j+1]*A[1, 1] +A[1,21))/

« (AI1,11+A[1,2]+(A[1,114A[2,2]-A[2, 11+A[1,2] ) +(A[1,11+A[3,21-A[3, 1] +A[1, 2] )+ (A1, 114A[4,2] -A[4, 11 +A[1,21) )
. Glcounter,2]=((A[2, 1]+uli]+A[2,2])%(A[2, 1] +u (k1 #A[2,2] )% (v [j+1]%A[2,1]+A[2,2]))

© (Al2,11%Al2,21%(A[1, 11 #A2,21-A12, 11%AIL, 2] )x(A[2, 11+A3, 21-A13, 11 ¥A[2, 21 )% (A[2, 11 ¥A[4, 21 -AL4, 11%A[2,21));
- Glcounter,3]1=—((A[3,1]+ulil+A[3,2])%(AL3, 1] +ulk1*A(3,2]1 )+(v[j+11#A[3,114A(3,21))/

- (A[3,1]%A[3,2]%(A[1,1]#A[3,2]-A[3,1]*A[1,2] )x(A[2,1]%A[3,2]-A[3, 1] *A[2,2] ) * (A[3,1]*A[4,2] -A[4,1]%A[3,2]) };
« Glcounter,41=((A[4,1]+u[i]*A[4,2])*(A[4,1]+ulk]*A[4,2])*(v[j+1]1*A[4,11+A[4,21))/

. (AI4,11+A[4,2]%(A[1,114A(4,21-A[4, 11+A[1,2] )% (A2, 11+A[4,21-A[4, 1] +A[2, 2] )+ (A[3,11+A[4,2] -A[4,11+A[3,21) };
. counter=counter+1;
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« Gleounter,21=((A[2,1]+uli14A[2,2] ) #(v[j1#A[2,11+A[2,2] )+ (v [KI#A[2,11+A[2,21) )/

- (A[2,11A[2,2]%(A[1,1]#A(2,21-A[2, 1]+A[1,2]) % (A[2,1]A3,2]-A[3, 1] %A [2, 2] )% (A[2,1]1%A14,2] -A[4, 1] %A[2,21) };
« Glcounter,31=—((A[3,1]+u[i]*A[3,2])*(v[j1#A[3,1]+A[3,2] )*(v [k]*A[3,1] +A[3,2]) )/

. (AI3,11+A[3,2]%(A[1,11#A(3,2]-A[3, 11+A[1,2] )% (A2, 11+A[3,2]-A[3, 1] +A[2, 2] ) % (A[3,11%A[4,2] -A[4, 1] +A[3,21) };
. Glcounter,d]=((A[4,1]+ul[i]1%A[4,2])x{v[j]1*A[4,1]+A[4,2] )*(v [KI*A[4,1]+A[4,21))/

+ (A[4,11+A[4,2]+(A[1,114A(4,2]-A[4, 11+A[1,2] ) +(A[2, 11+A[4,21-A[4, 1] +A[2, 2] ) +(A[3,11+A[4,2] -A[4, 11 +A[3,21) )
. counter=counter+1;

© down=nin(dif[i],dif [k]
« up=max(dif[i],dif [k])-
« for (j=down;j<=up;j++)

+ Glcounter,1]=—((A[1,1]+u(i]+A[1,2])#(A[1,1]+u[KI#AT1,2] )+(v[+11+A[1, 11+A[1,21))/

- (A[1,1]%A[1,2]%(A[1,1]#A[2,2]-A[2, 1]%A[1,2] ) x(A[1,1]A[3,2]-A[3, 1] *A[1, 2] ) % (A[1,1]%A[4,2] -A[4, 1] #A[1,2]) };
« Glcounter,21=((A[2,11+u[i1*A[2,2])*(A[2,1]+ulk]*A[2,2])*(v[j+1]*A[2,1]+A[2,2]) )}/

. (A[2,11+A[2,2]%(A[1,1]+A(2,21-A[2,11+A[1,2] )% (A2, 1]+A[3,21-A[3, 1] +A[2, 2] )% (A[2,11%A[4,2] -A[4, 1] +A[2,21) };
- Glcounter,3]=—{(A[3,1]+u[i]*A[3,2])%(A[3,1] +ulk]*A[3,2] )+(v [j+1]+A[3,1]+A[3,2]) )/

+ (AI3,11+A[3,2]+(A[1,114A(3,2]-A[3, 11+A[1,2] ) +(A[2, 11+A[3,21-A[3, 1] +A[2, 2] ) +(A[3, 11+A[4, 2] -A[4, 11 +A[3,21) )
. Glcounter,4]=({A[4, 1] +uli]+A[4,2])*(A[4, 1]+u k] *A[4,2] )*(v [j+1]*AL4, 1] +A[4,2]) )/

. (A[4,11%A[4,2]%(A[1,1]#A[4,2]-A[4,1]%A[1,2] ) x(A[2,1]%A[4,2]-A[4, 1] #A[2, 2] )+ (A[3,1]%A[4,2] -A[4,1]#A[3,21) };
. counter=counter+1;

-}

<}

. ideal I=IdProjPoints(G);

. print(G

- return(I)

}
> matrix Al4] [z] 1 1,1,2,1,3,1,4;
> intvec
> ideal K= Gnr(n A 2,2);
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+ down=min(dif[i],dif [k]

- up=max(dif[1],dif [k])-1;

. fnr (j=dawn; j<=up;j++)

- G[cnunter 1]==((A[1,1]+u[i]*A[1,2] )*(A[1,1]+u[k]*A[1,2] }{v[j+1]*A[1,1]+A[1,2]))/

+ (AI1,11+A[1,2]+(A[1,114A[2,2]-A[2, 11+A[1,2] ) +(A[1,11+A[3,21-A[3, 1] +A[1, 2] )+ (A1, 11+A[4,2] -A[4, 11 +A[1,21) )

. Glcounter,2]=((A[2, 1]1+ul[i]%A[2,2])%(A[2, 1] +u (k] *A[2,2] )= (v [j+1]%A[2,1]+A[2,2]) )/

© (Al2,11%Al2,21%(A[1, 11#A[2,21-A[2, 11%AIL, 2] )x(A[2, 11+A3, 21-A13, 11 ¥A[2, 21 )% (A[2, 11 ¥A[4, 21 -AL4, 11%A[2,21));

+ Glcounter,3]=—((A[3,1]+ulil+A[3,2])#(A[3, 1]+u[K]+A[3,2] )+(v[j+11+A[3, 11 +A[3,21) )/
(AL3,11%A[3,2]*(A[1,1]%A[3,2]-A[3,1]*AI1,2] )x(A[2, 1]%A[3,2]-A[3,1]%A[2, Z]Jt(Ali 11+A[4,2]-A[4,1]%A[3,2]));

. Glcounter,41=((A[4,1]1+u[11+A[4,2] ) +(A[4, 1]+u (k1 #A[4,2] )+ (v [{+1]+A[4, 1] +A[4,2]

L (AI8,114AT4, 21+ (A1, 11+ 14, 21-A14, 11AL1, 21 )x(A[2, 11 +AL4, 21-A14, 1] #AL2, z]hu[z 11+A[4,21-A[4,11%A[3,21));

. counter=counter+l;

-}

.}

. ideal I=IdProjPoints(G);

* print(c);
. return(I)

[}

> matrix A[4][2]=1,1,1,2,1,3,1,4;
> intvec

[> ideal k:

-1/2, 2, -5/2,

-15/2,38,-245/6,
-21/2,48,-185/2,45/2,
-25/6,27,-91/2, 68/3,
-35/6,36,-117/2,85/3,
-25/2,54,-455/6,34,
-35/2,72,-195/2,85/2,
-3/2, 5, -35/6, 9/4,
9, -65/6, 17/4
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}

ideal I=IdProjPoints(G);
print(G

return(I);

matrix Al4] [2 ,1 1,2,1,3,1,4;
intvec ;
ideal K= Gnr(n A 2,2);

-25/2,54,-455/6,34,

-3/2, 5, -35/8, 9/4
-572, 9, -65/6, 17/4
[> ideal K=Gor(h,A,7,5);
74 %% redetining K (ideal K=Gor(h,A,7,5);
-4, 372,
-13/2, /3,
-9,

-64/3,255/2, -198,
315,  -1144/3,609/4,
1785/4,-528,  1653/8

-2236/3,1197/4,
1032, 3249/8,
-88/3, 87/8,
203/4, -172/3, 171/8
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/6,36,-117/2,85/3,

-25/2,54,-455/6,34,

-35/2,72,-195/2,85/2,

-3/2, 5, -35/6, 9/4,

-5/2, 9, -65/8, 17/4

[> ideal k=Gor(h,A,7,5);

/7 % redefining K (ideal K=Gor(h,A,7,5);
5 372,

-1144/3,609/4,
528,  1653/8,
-559/2, 133,
-387, 36172,
-2236/3,1197/4,
1032, 3249/8,

87/8,

171/8




[> intvec h=1,3,6,6,6,3,1;

/f ** redefining h (intvec h=1,3,6,6,6,3,1;)

> idea ar(h,A,3,4

7/ % redefining K (ideal K=Gor(h,A,3,4.

-5/6, 3, -1/2, 4/3,

-3/2, -11/2, 2,
-15/2, 8/3,
-19/2, 18/3,
-23/2, 4,
-55, 28,
-5, 18473,
-o5, 13073,
-115, 52,
-385/3, 52,
-175,  208/3,
-665/3, 26073,
-805/3, 104,
-285/2, 200/3,
-361/2, 25073,
-437/2, 100,
-665/2, 400/3,
-2527/6,500/3,
-3059/6,200,
-1045/2,200,
-3971/6,250,
-4807/6,300,

, -35/3, 13/3,

-133/6, 25/3,
-209/6, 25/2,
1045/3,325/2




1 r(h,A,3,4
redefining K (ideal K=Gor(h,A,3,4);
3,  -1/2, 43,

-11/2, 2,

-15/2, 8/3,

-19/2, 18/3,

-170/3,189, -665/3,
-70, 231, -805/3,
-91/6, 91, -285/2, 200/3,
-119/6,117, -361/2, 25073,
-49/2, 143, -437/2, 100,
-455/6,273, -665/2, 400/3,
-595/6,351, -2527/6,500/3,
-3059/6,200,
-1045/2,200,
-3971/6,250,
-4807/6,300,
2172, -35/3, 13/3,
3972, -133/6, 25/3,
65/2, -209/6, 25/2,
1045/3,325/2
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The beginning...

Definition
Let P, Q € P" be two points of coordinates respectively

[@o:ar:---:apand [bg: by :---: by

If ajb; # 0 for some i, the Hadamard product P x Q of P and Q, is
defined as

PxQ= [aobo caiby e a,,b,,].
If aibj=0foralli=0,...,nthen we say P x Q is not defined.
The Hadamard product of two varieties X, Y € P" is

XxY={PxQ:PeX, QeY,Px Qis defined}.
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Definition
Let A and B be m x n matrices. The Hadamard product A x B of A
and B is defined as

(A * B),’j = (A),’j(B),‘j forall1<i<m1<j<n.



History

Definition
Let A and B be m x n matrices. The Hadamard product A x B of A
and B is defined as

(A * B),’j = (A),’j(B),‘j forall1<i<m1<j<n.

Definition
Given varieties X, Y c P" we consider the usual Segre product
X x Y c PN, where N=(n+1)? -1, given by

([ao : -+~ :an],[bo : -+ :bp]) — [aobo : @by : ---: anbp]

and we denote with z; the coordinates in PN.
Let 7 : PN --» P" be the projection map from the linear space A
defined by equations z; = 0,i = 0,...,n. The Hadamard product
of Xand Y is

X*xY=n(XxY).
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Motivations (from Algebraic Statistics)
“Statistical Models are Algebraic Varieties’

» M.A. Cueto, E.A. Tobis and J. Yu, An implicitization challenge for
binary factor analysis, J. Symbolic Comput. 45 (2010), no. 12,
1296-1315.

» M.A. Cueto, J. Morton and B. Sturmfels, Geometry of the restricted
Boltzmann machine, Alg. Methods in Statistics and Probability,
AMS, Contemporary Mathematics 516 (2010) 135-153.

where each node represents a binary random variable.

Va = S2((P')*) * Se((P")*)
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What are the properties of X x Y w.r.t the properties of X and Y ?

» C. Bocci, E. Carlini, J. Kileel, Hadamard Products of Linear
Spaces, J. of Algebra 448 (2016), 595-617.
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What are the properties of X x Y w.r.t the properties of X and Y ?

» C. Bocci, E. Carlini, J. Kileel, Hadamard Products of Linear
Spaces, J. of Algebra 448 (2016), 595-617.

» C. Bocci, G. Calussi, G. Fatabbi and A. Lorenzini, On Hadamard product of linear varieties, J. Algebra its Appl.
16(8) (2017), 155-175.

» C. Bocci, G. Calussi, G. Fatabbi and A. Lorenzini, The Hilbert function of some Hadamard products, Collect.
Math. 69(2) (2018), 205-220.

» G. Calussi, E. Carlini, G. Fatabbi, and A. Lorenzini, On the Hadamard product of degenerate subvarieties, Port.
Math. 76(2) (2019), 123-141.

» E. Carlini, M. V. Catalisano, E. Guardo, and A. Van Tuyl, Hadamard star configurations, Rocky Mt. J. Math. 49(2)
(2019), 419-432.

» C. Bocci and E. Carlini, Hadamard products of hypersurfaces, J. Pure Appl. Algebra 226(11) (open access)
(2022).

» |. Bahmani Jafarloo and G. Calussi, Weak Hadamard star configurations and apolarity, Rocky Mt. J. Math. 50(3)
(2020), 851-862.

» |. Bahmani Jafarloo, C. Bocci, E. Guardo and G. Malara, Hadamard products of symbolic powers and Hadamard
fat grids, Mediterranean J. of Maths, https://doi.org/10.1007/s00009-023-02375-5 (open access) (2023).

» C. Bocci, C. Capresi and D. Carrucoli, Gorenstein points in P® via Hadamard products of projective varieties,
Collect. Math. 10.1007/s13348-022- 00362-9 (open access) (2022).

» B. Atar, K. Bhaskara, A. Cook, S. Da Silva, M. Harada, J. Rajchgot, A. Van Tuyl, R. Wang and, J. Yang, Hadamard
products of binomial ideals, arXiv:2211.14210

» |. Bahmani Jafarloo, Hadamard, arXiv:2012.10398.
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Catalisano

‘ Rajchgot

Bhaskara,
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Basic facts

Definition
Let HicP",i=0,...,n, be the hyperplane x; = 0 and set

A= U Hj1 ﬂ...ﬂHjn_,..

0<jy<...<fn—i<n



Basic facts

Basic facts

Definition
Let Hi cP",i =0,...,n, be the hyperplane x; = 0 and set

A= U Hj1 ﬂ...ﬁHjn_i.

0<ji1<...<jn-i<n

A is the i—-dimensional variety of points having at most i + 1
non-zero coordinates, or equivalently, with at least n — i zero
coordinates.

> /g is the set of coordinates points
» Apn_1 is the union of the coordinate hyperplanes.
> NgC A1 C---C Ay CA,=P".

P eP"\ A,_1 & P has no zero coordinates
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Hadamard transformations

Definition
Let f € K[X] be a homogenous polynomial, of degree d, of the form

f— Z aX!
lI=d

where | = (ip,...,ip) and X' = x--- x.

Consider a point P € P" \ A,,_1. The Hadamard transformation of f
by P is the polynomial

where P! is the monomial X' evaluated in P.
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Theorem (B.-Carlini, 2022)

Let V c P" be a variety and consider a point P € P"\ A,_4.
Iffy,...,fs is a generating set (resp. a Grébner bases) for I( V) with
respect to a monomial order <, then f*F, ... fxF is a generating

set (resp. a Grébner bases) for I(P x V) with respect to the same
monomial order <.



Basic facts

Theorem (B.-Carlini, 2022)

Let V c P" be a variety and consider a point P € P"\ A,_4.
Iffy,...,fs is a generating set (resp. a Grébner bases) for I( V) with
respect to a monomial order <, then f*F, ... fxF is a generating
set (resp. a Grébner bases) for I(P x V) with respect to the same
monomial order <.

Theorem (Atar et Al.,2022)
Let V c P" be a projective variety and P = [pg : - - - : pn] with
P eP"\ A,_1. Suppose {fi ..., fs} is a reduced Grébner basis with
respect to a monomial order < for I(V) with LT(f;) = X" for
i=1,...,s. Then

{PherP, . PlfPy

is a reduced Grébner basis for I( P x V) with respect to the same
monomial order <.
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Definition

Let I and J be homogeneous ideals in K [xo, . . ., Xp]. The Hadamard
product of ideals I and J, denoted I x J, is the ideal constructed via the
following algorithm

>

>

Define the polynomial ring K[Xo, - - ., Xns Y05 - - - » ¥ns 205 - - - » Zn].-

Let I(y) := {f(¥o,---»¥n) | f(Xo, ..., Xn) € I) to be the ideal obtained
by replacing x; with y; for all elements of I, and similarly, let J(z) be
the ideal obtained by replacing x; with z; for all elements of J.

Define the ideal
K= I(y) + J(z) + (Xo — YoZo, X1 = Y1Z1, ..., Xn = YnZn)-

Finally, define
IxJ:=KnK[xp,...,Xn]-



Basic facts

Definition

Let I and J be homogeneous ideals in K [xo, . . ., Xp]. The Hadamard
product of ideals I and J, denoted I x J, is the ideal constructed via the
following algorithm

>

>

Define the polynomial ring K[Xo, - - ., Xns Y05 - - - » ¥ns 205 - - - » Zn].-

Let I(y) := {f(¥o,---»¥n) | f(Xo, ..., Xn) € I) to be the ideal obtained
by replacing x; with y; for all elements of I, and similarly, let J(z) be
the ideal obtained by replacing x; with z; for all elements of J.

» Define the ideal
K = I(y) + J(z) + (X0 — Y020, X1 — Y1Z1, -+ Xn — YnZn)-
» Finally, define
IxJ:=KnK[xp,...,Xn]-
Lemma

Let X, Y c P" be projective varieties with defining (radical) ideals 1(X)
andI1(Y) inK|[Xo,...,Xn]. ThenI(X) xI(Y) =L(X x Y).
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proc HadProd(ideal I, ideal J)

{

def @r=basering;

ideal @M=maxideal(l);

int n=nvars(basering);

int @char=char(basering);

int i;

ring RH=@char, (x(1..n),y(1..n),z(1..n)),dp;
map Fl=@r,y(l..n);

map F2=@r,z(l..n);

ideal S=F1(I),F2(3);

ideal H=0;
for (i=1; i<=n; i=i+l1)

{
H=H+ideal (x(i)-y(i)*z(i));
}
ideal T=H+S;
ideal K=elim(T,n+1..2%n);
setring @r;
map f=RH,@M;
return(std(£(K)));
}



Gorenstein

Gorenstein points in P3

In

» C. Bocci, E. Carlini, J. Kileel, Hadamard Products of Linear
Spaces, J. of Algebra 448 (2016), 595-617.

we show how to build star configurations via Hadamard products...

..and more general results can be found in

» E. Carlini, M. V. Catalisano, E. Guardo, and A. Van Tuyl,
Hadamard star configurations, Rocky Mt. J. Math. 49(2)
(2019), 419-432.

» |. Bahmani Jafarloo and G. Calussi, Weak Hadamard star
configurations and apolarity, Rocky Mt. J. Math. 50(3) (2020),
851-862.
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Thus, the question if other interesting geometrical objects can be
obtained by Hadamard products naturally arises.
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Thus, the question if other interesting geometrical objects can be
obtained by Hadamard products naturally arises.

» C. Bocci and G. Dalzotto, Gorenstein points in P3, Rend. Sem.
Mat. Univ. Politec. Torino 59(1) (2001), 155—164.



Gorenstein

Thus, the question if other interesting geometrical objects can be
obtained by Hadamard products naturally arises.

» C. Bocci and G. Dalzotto, Gorenstein points in P3, Rend. Sem.
Mat. Univ. Politec. Torino 59(1) (2001), 155—164.

The Gorenstein set of points is obtained, by Liasion Theory, as the
intersection of two aCM curves, linked by a complete intersection. The
approach here is related to the well-known construction of Migliore and
Nagel, where the complete intersection is a stick figure of lines.

Definition

A generalized stick figure is a union of linear subvarieties of P", of
the same dimension d, such that the intersection of any three
components has dimension at most d — 2 (the empty set has
dimension -1).
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Planar complete intersections

We start building a zero-dimensional planar complete intersection
Z c P?, as the Hadamard product of two sets of collinear points X
and X’.

This goal is unexpected
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Planar complete intersections

We start building a zero-dimensional planar complete intersection
Z c P?, as the Hadamard product of two sets of collinear points X
and X’.

This goal is unexpected

Proposition (B.-Calussi-Fatabbi-Lorenzini, 2018)

Let L, L’ be two generic distinct lines in P3. There is a generic

choice of a finite set of points X C L for which it is possible a

generic choice of a finite set of points X’ C L’ such that:

() X* X =(X*xL')n (X" %xL)and|X x X'| = |X||IX'|.

(2) L x L’ is an irreducible and non-degenerate quadric, and
X x L’ and X’ x L are lines of the two different rulings.



Gorenstein

what about coplanar lines in P3?



Gorenstein

what about coplanar lines in P3?

L 33Xy +4x0—7x3 =0 L X1 +24xo —25x3 =0
"\ 7x0 - 4x1 - 3x2 = 0 27 110xo — x4 — 9% = O

Ly and L, are coplanar but L1 x L, is the quadric of equation

1120x3 — 68xpx1 + X2 + 1056X0X2 — 30x1 X2 4 2165 — 3500X0X3 +
110x1X3 — 1530x2X3 + 26252
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A tricky construction

Let A = {Ao, A1, A2, A3} be a collection of four distinct points in
P\ Ao, where A; = [a; : Bi], fori=0,...,3,

We define two families of points in P? associated to the set A

Pﬂ_|:ao+kﬁ0 . a1+ kB4 .a2+k,82.ag+kﬁ3
=

: : : keN
o (o4 az %]

Q' = [kao +pBo  Kai +pi : kaz + B2  Kas +fs3

: : K .
Bo B B B3 ] N

Pl=qQff=[1:1:1:1]



Gorenstein

It is easy to verify that, for i > 2,

PA=(1-iPI+iP] Q"= (1-)Ql+iQl
> let ¢” be the line spanned by P and P}
» for any fixed k, the points Py", ..., P/ are collinear.

> let £9 be the line spanned by Q* and Q;!
» for any fixed k, the points Q;",..., Q" are collinear.



Gorenstein

It is easy to verify that, for i > 2,

PA=(1-iPI+iP] Q"= (1-)Ql+iQl

> let ¢” be the line spanned by P and P}

» for any fixed k, the points Py", ..., P/ are collinear.
> let £9 be the line spanned by Q* and Q;!
» for any fixed k, the points Q;",..., Q" are collinear.

» (P and ¢9 are two distinct coplanar lines.
» One has P/ + Qjﬂ, forevery i,j > 1.
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Example
Consider Ap = [1:1], A1 =[1:2], A2 =[1:3],and Az = [1 : 4].

Hence we get

P/'=[2:3:4:5],Pf'=[3:5:7:9],P]'=1[4:7:10:13],...

2l aA_|a. A_fg.2.5.7
Slar-fpz 2 ar-fo 22 7]

Wl
OOIU'I
N W

Q?—[Q:g:
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For our construction we need to avoid the situation in which P,?‘
and Qjﬂ have zero coordinate (for any i and j).

Pﬂ[OzoJrkﬁo . a1 + kB4 _a/2+k,82.053+k,63
= : : :

keN
o (03] az as

Qi — [kdo +Po  kai+p1  kax+pB2  Kas+ B3

= : : : K .
k Bo B B2 Bs ] H



Gorenstein

For our construction we need to avoid the situation in which P,?‘
and Qjﬂ have zero coordinate (for any i and j).

Pﬂ[(loJrkﬁo . a1 + kB4 _a'2+k,32_0£3+kﬁ3
= : : :

keN
o (03] az as

Qf = [kao +Po  kai+p1  kax+pB2  Kas+ B3

: : : } k € N.
Bo B B2 B3

w-gfraf s

jEN*

Lemma
IfAj¢ W, fori=20,...,3, then Pl.ﬂ ¢ Ao, for any i, and Qjﬂ ¢ No,
for any j, that is they do not have any zero coordinate.
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Q/
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tpx QFt tp* Q" tp % Q' % Q" tr* Q7
lox P L Q'+ FY! al* Py Q' x Py Qf + P
lax P | Q'+ P! Q' » Pt &' x P! Q'+ Pt Q' % PA
lax Pt | Qf' P af « P! o'« PY Qf x P{t Qf + P
laxP{ L Q'+ P Q' x P! Q' » Py Q' » Pyt Q' » Pl




to * P!

Gorenstein

[p*QS"

Q5 « P

tp * Q"

Q' x P Qft

lo* P{l

Q' « Pt

QP




Gorenstein

Denote by 7(n) = {ip, i1, ..., in—1} @ set of nonnegative integers with
O=lp<iy <+ <lip1.

Given positive integers a and b, we define the set of points Zaj‘b in
the following way:

zZ, = {P7"« Q" : ie I(a).je I(b)).
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Denote by 7(n) = {ip, i1, ..., in—1} @ set of nonnegative integers with
0:i0<i1 < <lpeq.

Given positive integers a and b, we define the set of points Zf‘b in
the following way:

zZ, = {P7"« Q" : ie I(a).je I(b)).

Theorem (B.-Capresi-Carrucoli, 2022)

If the points A; are distinct and A; ¢ Ao U W, fori=0,...,3, then,
for any positive integers a and b, Zfb is a planar complete
intersection of ab points in P3.



Gorenstein

tp % Q' tpx Qft tpx Qf tp* Qf tpxQf
tax P | Qf'x P Q * P Qft « P
tax P | O xP]t Q' x Pt Q' % Pt
to * P
tg* P

I(a)={0,1}and 7(b) ={0,1,2}
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tpx Q' tp* Q] tp % QF tp % QF tp* Q'
tq* P! Q' * P Q) P! Q' % P!
g * P;"
lox P! Q' * P Q' P! Q' % P

g * PJ

7(a) ={0,2} and I(b) = (0,2, 4}
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Corollary
Suppose that

I(¢P)y=¢h,fy and 1(¢9) =<(h,g)
Then the ideal of Z] is generated by

b—1 a

h, l_[ f*O,f"

1
j:O i=0

* P
§

9

—
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P, — ao+kBo ai1+kBi aat+kpe (l3+kﬁ3]
k = a ° a1 ° a2 °’ a3

_ [kag+[s’0 kai14+p1 kaz+Bs ka3+/33]

L B > B 0 B B

[(t,‘,ﬂ[] € ]P1 \ (AO U W) —_

o — 2
i=0,....3 K




Gorenstein

P, — ao+kBo a1+kB1 ax+kBz stJrK[fs]
k = a ° a1 ° a2 °’ a3

s 1 A
[@i, 8] € PT\ (Ap U W) —> Qe — [kaotho kaiipy koot krr3+,/33]} —> Zab
i=0,...,3 k=178 "B "B ° P

l

LA {(l/oXo + a1X1 + a2xo + azxz3 =0

BoXo + B1X1 + PaX2 + f3x3 =0

LA apXo + a1X1 + asXo + azxz3 =0
" |Boxo + Bix1 + Baxo + Baxs =0

The condition that the four points A; are distinct, i.e. %’ # = for any

Bi T B
0 < i< j <G, is quite important for our constructions since it

assures that L' n Ay = 0.
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Py = [flo+kﬁc a1+kB1  az+kp2 €l3+Kﬁ3]

Q. 1 a @ ° a2 a3

[, 8] € BT\ (Ao UW) ? Qe — [kao+ﬁo ka1+B1 Kao+ps ka3+/33]
i=0,...,3 k=178 "B "B B

— 77

; @oXo + a1X1 + a2Xe +asxz3 =0 A A
L y 7 "% L
{ﬂoXo +B1x1 + BaXe + B3xg =0 ab
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P = ao+kBo a1+kB1 az+kBe a3+kﬁ3]
- R 1 a ’ ay ’ a2 ’ a3 A
(@i Bi] € BT\ (Ao UW) > Qe — [kao+ﬁo ka1+B1 kap+Bz ka3+/33] > Zop
i=0,...,3 k=178 "B "B B
LA @oXo + @1X1 + asXp + azxz =0 \Zﬂ * Lﬂ
: 4
BoXo + B1X1 + Paxz + Paxs = 0 ab

Theorem (B.-Capresi-Carrucoli, 2022)
Assume that1 ¢ I(a) U I(b). Then Z7, » L™ is a stick figure of
ab lines in P®. Moreover Z7, L™ is a complete intersection.
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Theorem

Let Cq, C, be two aCM varieties of P" of codimension ¢, with no common
components and saturated ideals Ic, and Ic,. If we suppose that

X = Cy U Gs is a codimension ¢ arithmetically Gorenstein variety, then

I(Cy) + I(Cy) is the saturated ideal of a codimension ¢ + 1 arithmetically
Gorenstein variety Y.



Gorenstein

Theorem

Let Cy, C, be two aCM varieties of P" of codimension ¢, with no common
components and saturated ideals Ic, and Ic,. If we suppose that

X = Cy U Gs is a codimension ¢ arithmetically Gorenstein variety, then
I(Cy) + I(Cy) is the saturated ideal of a codimension ¢ + 1 arithmetically
Gorenstein variety Y.

h:(h05h15---5h5): (1535h25--~aht—17hfaht7~'-7hfahf—17-'-,h2»371)
Define a = (ap,...,a;) and g = (go, - - -, gs+1) @S
a=h-h_ifor0<i<t

and
i+ 1 forO0<i<t
gi=13t+1 fort<i<s—-t+1
s—i+2 fors—-t+1<i<s+1

g is h—vector of a Complete Intersection in P2 of type (t +1,s —t + 2).
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h=(1,3,53,1)

Ah= (1, 2, 2 -2, -2, —1)



History Basic facts Gorenstein

h=(1,3,5,3,1)

Ah= (1, 2, 2 -2, -2 -1)
R l
g= (1, 2, 3 3 2 1)

A complete intersection of type (3, 4)

Fat points HFG

W
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h=(1,3,53,1)

Ah= (1, 2, 2 -2 -2, -1)
A l l
g= (1, 2, 3, 3 2 1)
A complete intersection of type (3, 4)

a=(1,2,2)
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h=(1,3,53,1)

2 -2, -2, -1)
L l l
3, 3, 2, 1 )
A complete intersection of type (3, 4)

a=(1,2,2)

s

)
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h:(1737h2,'"7h[—17hfﬂht7"'sht7hf—17~"sh27371)
a=(ap,....a) g=1(90---»9s+1)

g is h—vector of a complete intersection X in P2 of degrees t + 1
and s -t + 2.
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h:(1,3,h2,...,ht_‘],ht,ht,...,ht,ht_‘],‘..,hz,s,1)
a=(a,....a) 9=(9g--- Gs+1)

g is h—vector of a complete intersection X in P2 of degrees t + 1
and s -t + 2.

We choose A, 7(t+ 1) and 7 (s — t + 2) and then we set

_ A A
X =2 s tpo* L7
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h = (1’3’h27-0'7ht717hf7ht7"-shf’hf717"-sh2’371)
a=(ap,....a) 9=(90,..-9s+1)
g is h—vector of a complete intersection X in P2 of degrees t + 1
ands—-1t+ 2.

We choose A, 7(t+ 1) and 7 (s — t + 2) and then we set

X=2z"

A
t1s-t42 * L7

Thus the aCM scheme C; with h—vector a is given by the following

; i ZA A.
set of lines in Zm’s_t+2 * L7

Poix Qi x L7 forj=0,...,a;—1andi=0,...,t.
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Corollary (B.-Capresi-Carrucoli, 2022)

Let h be an admissible h—vector for a Gorenstein zeroscheme in
P2 of the form

h=(ho,....hs) = (1,3, ho, ... he_1, he, oo e g, .., 3,1)

andletaj = hj— hi_1 forO<i<t.
Fix four distinct points A; = [a; : Bi] in P!\ (Ao U W), for
i=0,...,3 and fix the sets of nonnegative integers

I(t+1)={uo,....,usyand I(s—t+2) ={vo,..., Vs—t+1}
with0 e T(t+1)NI(s—t+2)and1 ¢ I(t+1)UI(s—t+2).

Then the following set of points is a Gorenstein zeroscheme with
h—vector h.
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[ _ (@o+uifo)(vjeo+Bo) (Vizo+Bo)
@ofBo(@oB1—a180)(@oB2—a2f0) (@oBz—a3bo)

(14U ) (Vi1 +B1) (Vi +81) ith
@151 (@of1—a1Bo)(a1B2—a2p1) (@1 B3—aafbt) wi

0<j<a-1,
a<k<s—-t+1,
fori=0,...,t

_ (@24UiBo) (Vjaa+B2) (viaa+B2)
@2f32(@of2—a2p0) (1 f2—2p1 ) (a2fs—aspz)

(@3 +uiBs)(viaa+Bs) (vias+PB3)
a3f3(@oBs—aafo) (1S3 —asp)(azfs—aspz)

[ _ (@0 +uio) (@o+Uifo) (Vo +Bo) ]
aofo(@oB1—a1Bo)(aoB2—a2B0)(aoBa—asfo)

(a1 +uiBr) (a1 +ukBi ) (vias +B1) ith
a1B1(@of1—a1fo) (1 f2—azp ) (a1Bs—aspr) wi

min{a;, ax} < j < max{a;, ax} — 1,
forO<i<k<t

_ (@2+uiBe) (a2 +ukBz) (viaa+B2)
@2f32(@oB2—a2po) (12— ) (azfs—aspz)

(as+uiBs)(as+ukfs)(vias+53)
@33 (aofa—a3fo)(@1B83~asp1)(azfa—aafz)
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h=1(1,3,4,31)t=2,s=4anda=(1,2,1).
Ap=[1:1, Ai=[1:2], Aa=[1:3], A3 =[1:4]
I(t+1) ={uo,ur,uz} =1{0,3,5}
I(s—t+2)=1{vy,vy,v2,v3} =1{0,6,7,8}.

-5 4, -2:5:-1:2],

wln
—
—
|
B
nlo

[-%:8.:-50: 18], [-6:35:-55:26], [-2:126:-150: Z2],
[-42:140:-165:65], [-7:44:-72:35], [-8:%:-80: 7],

[-9:55: -88:42], [ :14:-15: %], [-28:154:-240 : 2]
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h=(1,3,6,10,6,3,1)t=3,s=6anda = (1,2,3,4).
Ag=[1:1, A =[1:2], Ao=[1:3], As=[1:4]

I(t+1)={uo,us,up} =1{0,2,4,6}

3:2:-3:1] -3:3:-%: 4l §:4:-3: 80
[—%:5:—%:2], [—2:15:—4279:12], [—%:20:—%3:15],
[-3:25: -2 1], [~ :30:-285 : 18] [-% :40:-135: %5,
[-% :50: -385 :27], [-%:36: -1 8, [-18 :45: 183 : 34]
[—%:72:—%:%], [—%:90:—%:51], [—%:108:7%:%],
[- 3 :135: 1901 : 6g], [-& :65: 202 : 50, [-8 :130: - 195 . 75),

105 . . _ 1463 . 147 . . _827 . 3.5..3 .9
[-195 :195: 1483 . 400], [-147 :260:-8% :125], [-§:5:-%:9]

5.9._65.17 25 .27 ._91 .17 7. ._9 .25

[-2:9:-%: 1, [ -2 ) [-5:13:-22: 2],

35 .39 ._133 .25 49 . ._57 . 125 25 . 135 . _ 637 .

- P18 -8 :26:-3,: " 1. -2 132 8 5],
1 1 49 . . . 37 245 . . _741 . 212

[35 95 93 75] [ 9 . 130 : 399_35], [ 5 . 034 - . 15]



Fat points

Fat points

CMO Workshop “Ordinary and Symbolic Powers of Ideals” (May
14-19, 2017, Oxaqua, Mexico)

Is it true that for P, Q generic points in P2, one has

I(P) *I(Q)° =I(P % Q)7
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Fat points

CMO Workshop “Ordinary and Symbolic Powers of Ideals” (May
14-19, 2017, Oxaqua, Mexico)

Is it true that for P, Q generic points in P2, one has
I(P) *I(Q)° =I(P % Q)7

Theorem (Bahmani Jafarloo-B.-Guardo-Malara, 2023)

Let P and Q be two points in P>\ Ay. Then forr,s > 1 one has
I(P) xI(Q)* =I(P % Q).



Py

Fat points

Pg‘

L .F’{ 'F’é 'F’é ’Pzi 'P 5
PixL |PyxL |PyxL |PyxL |PixlL
Pixl’  lpixpPy  lPixPy,  JPrxPy  PixPp JPix P
Pox L |PxP; Pa % P, P2 x Py o x Py f2 % Py
P3 % L’ Ps x P, Ps * P} Ps x P} Py x P, Ps * Py




m1P1‘

mp Pz‘

ms Pa‘

Fat points

L’ i P; i W L nsPg
P xL Py x L Py x L Py *L Py x L

Py % L’

Pox L’

Pz x L’
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Hadamard fat grids
Let Py = {P4,...,P;}and Qny = {Qy, ..., Qs} be two sets of

collinear points in P? \ A1 with assigned positive multiplicities,
respectively, M = {my,...,m;yand N = {ny, ..., ng}.

I(Pm) = I(Py)™ -0 I(P)™

I(QN) = 1(Q)™ NN I(Qs)"™.
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Hadamard fat grids

Let Py = {P4,...,P;}and Qny = {Qy, ..., Qs} be two sets of
collinear points in P? \ A1 with assigned positive multiplicities,
respectively, M = {my,...,m;yand N = {ny, ..., ng}.

I(Pm) = I(Py)™ -0 I(P)™
I(QN) = 1(Q)™ NN I(Qs)"™.
Definition
Assume that P; x Qj # Py x Q  forall1 <i<k <rand

1 <j << s. Then the set of fat points defined by I(Py) x I(Qn), is
called a Hadamard fat grid and it is denoted by HFG(Pu, Qn).
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p

Proposition (Bahmani Jafarloo-B.-Guardo-Malara, 2023)

Let I, J be two ideals in K[X] with primary decomposition
respectively |=lhnbnN---Nilgandd=JdyNdonN---Nd;, then

Ixd= () hi*d
1<i<s
1<j<t



HFG

Proposition (Bahmani Jafarloo-B.-Guardo-Malara, 2023)

Let I, J be two ideals in K[X] with primary decomposition
respectively |=lhnbnN---Nilgandd=JdyNdonN---Nd;, then

Ixd= () hi*d
1<i<s
1<j<t

Thus the ideal of HFG(Pu, Qn) is
(P 00) = (Y (YR K@) = [ [ (Pr» )
ie[r] je[s]

HFG(Pum, Qn) has the structure of a planar grid. Specifically, it is a
set of fat points whose support is a complete intersection of type
(r,s)in P2,



HFG

nQy n>Qo n3Qs na1Qq nsQs lq
—@ @ @ @ @
P# Qs * Py Qo * P Qs * P Q4 * P Qs * P g% Py
m
B my +ny—1 my +no —1 my+nz—1 my +ng —1 my +ns—1
P. Q1*P2 QQ*PQ Qs*Pg Q4*P2 Q5*P2 (Q*PZ
m:
2F2 @ mo+ny—1 my +np — 1 me+ng—1 mo+ng —1 my +ns —1
P Q1*P3 Qz*Ps Qg*Ps Q4*P3 Q5*P3 KQ*PG
m:
S 4 mz+ny—1 mg + np — 1 mg+ng—1 ms+ng —1 mg +ns —1
P Q1*P4 QZ*P4 Qg*P4 O4*P4 Q5*P4 [Q*P4
mirs @ mg +ny —1 ma + no — 1 my+nz—1 ms + ng — 1 my +ns —1
{p lp * @y lp * Qo tp * Q3 lp * Qu lp x Qs




HFG

From the rest of the talk we assume that s > r and the multiplicities
are ordered in non-decreasing order, that is

m<m<---<m



HFG

From the rest of the talk we assume that s > r and the multiplicities
are ordered in non-decreasing order, that is

m<m<---<m
ny<no<---<ng

Theorem (Bahmani Jafarloo-B.-Guardo-Malara, 2023)

Let X be a Hadamard fat grid HFG(Py, Qn) in P? and Z be an
ACM set of fat points in P! x P! supported on an (r, s)-grid with the
same multiplicities mj; as the Hadamard fat grid X. Then X and Z
share the same Betti numbers.



HFG

Denote by H; the horizontal lines defining £q * Pr_; 1, and by V;
the vertical lines defining {p x Qs_j;1.



HFG

Denote by H; the horizontal lines defining £q * Pr_; 1, and by V;
the vertical lines defining {p x Qs_j;1.

Theorem (Bahmani Jafarloo-B.-Guardo-Malara, 2023)

A minimal set of generators of the ideal I (P, Qn) consists of
my + ns generators of types H ... H& . vtk btk for
k=0,....m+ns—1(H" =1ifa -k sOandvj”f'*" —1if
b;j + k < 0). That is, a minimal set of generators is of type

me+ns—1 pme_1+ns=1  pgmi+ns=1 \,0\/Ns_1=Ns _ \yN2—Ns \ /M —Ns
H s 7 H: VoVs VeI,

Mr+Ns—2 | Mr_1+ns—2 my+ns—2 1y /Ns—1—Ns+1 Np—ns+1y /M —ns+1
H1 H2 <o Hy .V1 V2 "'Vs—1 Vs

s

0 pyMr—1—m; my—m; my+ns—1 Np+me—=1y N1 +me—1
H1H2 <o Hy .V1 "'Vs—1 Vs .



Example

M=(23,3), N=(2,3,4,4).

4
.7

HeHSH;

HYH3H; -
HYH3HS -
H3H3H2 -
HZH5H; -

HFG

Vi Ve
ViV Vg
V3V3VEVY,
ViV VEVE

HiHy - V2 V3 V5 V3
VEVEVS VY.



Example
M=(23,3), N=(2,3,4,4).

HFG

HeHSH;
4% i é :7 H5H5H4 V1v1

1712073 " Vg V2
4 14 143 2172\ /1

) \ \ ] ] HHGHS - V2V2V]
H3H3HZ - V3V3VEY,

, IOt HiH Hy - Vi Vo Vg Vy
H{H) - V23V V3
61/61/51/4

3 4 5 6 6 VeVEVEVy.

0 — R(-23)® R(-22) ® R(-21) ® R(-20) ® R?(-19) —
R(-21)® R(-19) ® R(-18) @ R?(-17) @ R?(-16) — I(X) — 0



Example

M=(23,3), N=(2,3,4,4).

2 3 4 4
- ® ° *—
» 3 4 5 5
5 4 5 6 6
5 4 5 6 6

a(Z(Pw, Qn)) = 16

HeHSH;

HYH3H; -
HYH3HS -
H3H3H2 -
HZH5H; -

HFG

Vi Ve
ViV Vg
V3V3VEVY,
ViV VEVE

HiHy - V2 V3 V5 V3
VEVEVS VY.



Example
M=(23,3), N=(2,3,4,4).

HFG

HeHSH;
4% i : :7 H5H5H4 V1v1

1712073 " Vg V2
4 14 143 2172\ /1

) \ \ ] ] HHGHS - V2V2V]
H3H3HZ - V3V3VEY,

N A e HEHEH - VEVEVSVE
H{H) - V23V V3
61/61/51/4

3 4 5 6 6 VPV V3 V.

a(T(Py,Qn)) =16 &I (Pw,Qn)) = 16
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Example
M=(23,3), N=(2,3,4,4).

HeHSH;
HH3H; - V]V,
HH3HS - VAV V]

.7
2 3 4 5 5
H3H3HZ - V3V3VEY,
, IOt HiH Hy - Vi Vo Vg Vy
141 51/5\/4/3
HIH] - VOV V4 V;
6 6

4

2 3 4
—@ @ L 4

61/61/51/4
VOVEVE V.

o(I(Pu,Qn)) =16 &(Z(Pu,Qn)) = 16 p(Z(Pu,Qn)) = 1
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Proposition (Bahmani Jafarloo-B.-Guardo-Malara, 2023)
Let 7(Pwm, Qn) be the ideal of a Hadamard fat grid. Then

> (I (Pu, Qn)) = Xy Mi+ X4 Ns—jp1 — I
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Proposition (Bahmani Jafarloo-B.-Guardo-Malara, 2023)
Let 7(Pum, Qn) be the ideal of a Hadamard fat grid. Then
> a(Z(Pu,Qn)) = Xiq Mi+ Xi_y Ns-ig1 — 1.
Lemma
The t-th symbolic power of I(Puy, Q) is the ideal of a Hadamard
fat grid.
Proof.
I(P; % @)f(m+n=1)

|
-
~ e

Il
4
-
Il
4

I(Py, Qn)®

I(P, * Q) ((tmi=(t=1))+tn;)— 1

I
-
~ e

Il
oS
-
Il
oS

M ={tm - (t-1),....,tm,— (t=1)} N ={tny,..., tng}

a(Z(Py, Qn)D) = ta(Z(Py, Qn))
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Proposition (Bahmani Jafarloo-B.-Guardo-Malara, 2023)
Let 7(Pum, Qn) be the ideal of a Hadamard fat grid. Then
> &(Z(Pu, Qn)) = a(Z(Pu, Qn)).
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Proposition (Bahmani Jafarloo-B.-Guardo-Malara, 2023)
Let 7(Pum, Qn) be the ideal of a Hadamard fat grid. Then
> &(Z(Pu, Qn)) = a(Z(Pu, Qn)).

Proposition (Bahmani Jafarloo-B.-Guardo-Malara, 2023)
Let 7(Pum, Qn) be the ideal of a Hadamard fat grid, then

T (P, Qn)t = T(Pu, Qn)®
forallt > 1.

Corollary (Bahmani Jafarloo-B.-Guardo-Malara, 2023)
Let 7(Pum, Qn) be the ideal of a Hadamard fat grid, then

o(Z(Pm,Qn)) = 1.
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» C. Bocci and B. Harbourne. Comparing powers and symbolic
powers of ideals, J. Alg. Geom. 19 (2010), 399-417.

The inspiration for this paper was a question Craig asked Brian: if
S is a finite set of points in P2 with | = I(S), is it true that I(®) ¢ 2?
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» C. Bocci and B. Harbourne. Comparing powers and symbolic
powers of ideals, J. Alg. Geom. 19 (2010), 399-417.

The inspiration for this paper was a question Craig asked Brian: if
S is a finite set of points in P2 with | = I(S), is it true that I(®) ¢ 2?

As a stepping stone, we introduce an asymptotic quantity which we
refer to as the resurgence, namely p(I) = sup{m/r : I(™ ¢ I'}.
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p(N.d) = sup{p(l) : 0 # I < k[P"] homog. of cod. d.|

Corollary
Foreach N> 1and1 <d < N, we have p(N, d) = d.
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p(N.d) = sup{p(l) : 0 # I < k[P"] homog. of cod. d.|

Corollary
Foreach N> 1and1 <d < N, we have p(N, d) = d.

I(dm) cm

» L. Ein, R. Lazarsfeld and K. Smith. Uniform bounds and symbolic
powers on smooth varieties, Invent. Math. 144 (2001), p. 241-252.

» M. Hochster and C. Huneke. Comparison of symbolic and ordinary
powers of ideals, Invent. Math. 147 (2002), no. 2, 349-369.
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Harbourne and Bocci introduced the resurgence of an ideal as an
asymptotic measure of the best possible containment

Symbolic Powers of Ideals, Dao, De Stefani, Grifo, Huneke, Nufiez-Betancourt

» p(l) =sup{m/r: I((m) ¢ Iy

» p(I) = sup{m/r: (M) ¢ Iy forall t > 0
(Guardo, Harbourne and VanTuyl)

> pic(l) = sup{m/r: I(M ¢ T}
(Dipasquale, Francisco, Mermim, Schweig)



HFG

Theorem (B.-Harbourne, 2010)
Let I = I(S), where S is a set of n generic points of P, Then I?
contains I®) for every n > 1.

» B. Harbourne and C. Huneke, Are symbolic powers highly
evolved? J. Ramanujan Math. Soc., 2011
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Conjecture 1[Harbourne-Huneke] Let | = n?_, I(P;)™ c K[P"] be any fat
points ideal. Then (™) ¢ M (N-1)J" holds for all r > 0.
Conjecture 2[Harbourne-Huneke] Let | ¢ K[P?] be the radical ideal of a

finite set of n points P; € P2. Then [(™ C I” holds whenever 2 > f(‘;&.

Conjecture 3[Harbourne-Huneke] Let I ¢ K[PV] be the radical ideal of a
finite set of n points P; € PN. Then [(N-(N=1)) ¢ \(r=1)(N=1)|" holds for all
r>1.

Conjecture 4[Harbourne-Huneke] Let | ¢ K[P"] be the radical ideal of a
finite set of n points P; € PN. Then

a(IN-(N=D)y > ra(l) 4 (r=1)(N-1)
for every r > 0.

Conjecture 5[Harbourne-Huneke] Let I ¢ K[PN] be the radical ideal of a
finite set of n points P; € PN. Then

a(lM) + N -1 - a(1)
m+N-1 "~

forallr >0
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Conjecture 6[Harbourne-Huneke] Let I ¢ K[P"] be the radical ideal of a
finite set of n points P; € PN for N > 2. Then [({(m+N=1)) ¢ pt(/(m)!,

Conjecture 7[Harbourne-Huneke] Let I ¢ K[PN] be the radical ideal of a
finite set of n points P; € PN. Then [({(m+N=1)) ¢ ppt(N=1) ([(m))t,
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Conjecture 6[Harbourne-Huneke] Let I ¢ K[P"] be the radical ideal of a
finite set of n points P; € PN for N > 2. Then [({(m+N=1)) ¢ pt(/(m)!,

Conjecture 7[Harbourne-Huneke] Let I ¢ K[PN] be the radical ideal of a
finite set of n points P; € PN. Then [({(m+N=1)) ¢ ppt(N=1) ([(m))t,

Conjecture 8[Bauer-Di Rocco-Harbourne- Kapustka-Knutsen-
Syzdek-Szemberg] Let | € K[PV] be a homogeneous ideal. Then
J(N=(N=1))  I" holds for all r.

Conjecture 9[B.-Cooper-Harbourne] Let I ¢ K[PN] be the radical ideal of
a finite set of n points P; € PN. Then [((m+N=1)=N+1) ¢ ()(m)t gnd
JmEN=1)=N+1) < ppE=DN=1) (M) hold for all m > 1.
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Conj. 1 [(N) ¢ pr(N-1)r,

Conj. 2 I(™ C I” holds whenever m/r > 2a(N)/(a(l) +1).

Conj. 3 [(N-(N-1)) ¢ pr=D(N-1)r,

Conj. 4 a([M™-(N-D)) > ra(l) + (r - 1)(N - 1).

Conj. 5 "(’r(n mi),j_’\ﬁ < "(’r('))

Conj. 6 [(M+N=1)) ¢ pt( (M)t

Conj. 7 [((m+N=1)) ¢ ptN=1)([(m))t,

Conj. 8 [(N-(N-1)) c

Conj. 9 [(H(MEN=1)=N+1) ¢ (j(m))t [(t(m+N=-1)=N+1) ¢ pp(t=D)(N-1)( ()t
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Conj. 1 [(N) ¢ pr(N-1)r,

Conj. 2 I(™ C I” holds whenever m/r > 2a(N)/(a(l) +1).

Conj. 3 [(N-(N-1)) ¢ pr=D(N-1)r,

Conj. 4 a([M™-(N-D)) > ra(l) + (r - 1)(N - 1).

Conj. 5 21N o o)

Conj. 6 [(tm+N-1)) ¢ ppt(f(m)yt,

Conj. 7 [((m+N=1)) ¢ ptN=1)([(m))t,

Conj. 8 [(N-(N-1)) c

Conj. 9 [(H(MEN=1)=N+1) ¢ (j(m))t [(t(m+N=-1)=N+1) ¢ pp(t=D)(N-1)( ()t

» C. Bocci, S. Cooper and B. Harbourne, Containment results
for ideals of various configurations of points in PN, Journal of
Pure and Applied Algebra 218 (2014), 65-75.
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