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Abstract— The minimum pseudocodeword weightwmin of a lin-
ear graph-based code is more influential in determining decoding
performance when decoded via iterative and linear programming
decoding algorithms than the classical minimum distancedmin

under standard maximum-likelihood decoding. Moreover, unlike
the minimum distance which is unique to the code regardless of
representation, the set of pseudocodewords, and thereforealso
the minimum pseudocodeword weight, depends on the graph
representation used in decoding as well as on the communication
channel. This means that a judicious choice of parity-checkmatrix
is crucial for realizing the best potential of any graph-based code.
In this paper, we introduce the notion of pseudoweight redundancy
for the memoryless binary symmetric channel (BSC). Analogous
to the stopping redundancy in the literature, this parameter gives
the smallest number of rows needed for a parity-check matrixto
have dmin = wmin. We provide some upper bounds on the BSC-
pseudoweight redundancy and illustrate the concept with some
results for Hamming codes, tree-based and finite geometry LDPC
codes, Reed-Muller codes and Hadamard codes.

I. I NTRODUCTION

Finite-length analysis of iterative and linear programming
(LP) decoding of low-density parity-check (LDPC) codes has
received considerable interest over the last couple of years. The
non-convergence of the iterative decoder or an LP decoder to
a codeword in the code has been attributed to the presence
of pseudocodewords of the LDPC graph representation [2],
[3], [4], [5], [6]. These pseudocodewords are considered tobe
valid codewords in any finite cover of the base LDPC Tanner
graph (including the degree-one cover which is the base graph
itself) or as valid configurations on the iterative decoder’s
computation tree. While the former definition includes all
the pseudocodewords of an LP decoder and a subset of the
pseudocodewords of an iterative decoder, the latter definition
includes all the pseudocodewords of an iterative decoder. An
important parameter that characterizes the behavior of these
decoders is the minimum pseudocodeword weight (or, the
minimum pseudoweight). Since the graph representation deter-
mines the set of pseudocodewords, the minimum pseudoweight
also depends on the graph representation. The pseudoweight
for pseudocodewords arising on an any finite cover is well-
defined for several channels such as the binary erasure channel

1This work was primarily done when the authors were at the Fields Institute
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(BEC), the binary symmetric channel (BSC), and the additive
white Gaussian noise (AWGN) channel. A natural question is
“For a given code, which graph representation has the largest
minimum pseudocodeword weight?”Alternatively, since the
minimum pseudoweight is at most the minimum distance of
the code,“Given a code, which graph representation, if any,
has minimum pseudocodeword weight equal to the minimum
distance of the code?”With such a graph representation, one
can expect the performance with LP or iterative decoding to
come close to that of ML decoding, especially at high signal
to noise ratios (SNRs). The above question has been partially
addressed in the case of the BEC in [1] since pseudocodewords
are essentially stopping sets for the BEC and the pseudocode-
word weight is essentially the stopping set size. In this paper,
we extend the results of [1] to the BSC case. Hence, throughout
this paper, we consider pseudocodewords and pseudocodeword
weights for the BSC.

A linear [n, k, d] codeC has blocklengthn, dimensionk, and
minimum distanced, and may be defined as the null-space of a
matrixH , where the rows ofH span the dual codeC⊥. (So,H
is not unique.) Thisparity-check matrixH typically hasn− k
linearly independent rows, though some of our recent results in
[4] and those observed by Feldman in [2] indicate that the ad-
dition of redundant rows to a parity-check matrix can increase
the minimum pseudocodeword weight of the corresponding
graph representation of this matrix, and therefore improve
iterative/linear-programming decoding performance. Thus, it is
interesting to find the minimum number of redundant rows that
must be added in order to make the minimum pseudoweight
equal to the minimum distance of the code.

As defined in [1], let the redundancyr(C) denote the
minimum number of rows in a parity-check matrix forC. (That
is, if C has block lengthn, thenr(C) = n− k.) We define the
pseudoweight redundancyφ(C) of C as the minimum number
of rows in a parity-check matrixH such that the minimum
pseudoweight ofH is equal to the minimum distanced(C)
of C. The significance of the pseudoweight redundancy is that
the performance with LP decoding (and to some extent, that
of iterative decoding) of a code represented by a parity-check
matrix havingφ(C) rows can converge to the performance with
maximum-likelihood (ML) decoding at high channel SNRs.
Note that while it is still a challenge to find a parity-check



matrix H havingφ(C) rows andwmin(H) = d(C), we present
some results onφ(C) for several different linear codes.

In this paper we introduce the notion of the pseudoweight
redundancy for the BSC and provide upper bounds on the
pseudoweight redundancy both for general linear block codes
and for specific families of linear block codes. Several of these
results are analogues of the results for the stopping redundancy
in [1], though the proofs for the pseudoweight redundancy are
considerably more involved and are not simple extensions of
the proofs for the stopping redundancy.

Other related works include some improved bounds on the
stopping redundancy [7] and a detailed investigation of the
stopping redundancy of Reed-Muller codes [8]. In addition,
stopping sets are related to trapping sets, and in [9] the tradeoff
between redundancy and trapping set size with respect to error
floors is investigated for LDPCs on the AWGN channel.

The paper is organized as follows. We first introduce some
preliminary definitions and results in section II. In particular,
we show that the parity-check matrixH∗ containing all the
non-zero codewords of the dual codeC⊥ has the property that
that the minimum pseudoweight ofH∗ equals the minimum
distance d(C). As a simple illustration, the pseudoweight
redundancy is derived for the codes that have a cycle-free
Tanner graph representation in Section III. In Section IV, we
examine the pseudoweight redundancy of codes constructed
from existing codes and for each case, compare it with the
pseudoweight redundancy of the component codes. We also
present some concrete results on the pseudoweight redundancy
for Hamming codes. In Section V we derive some upper
and lower bounds on the pseudoweight redundancy for tree-
based LDPC codes and finite-geometry based LDPC codes,
as originally introduced in [10] and [11]. Bounds on the
pseudoweight redundancy of Reed-Muller codes obtained using
the {u, u + v} construction are given in Section VI, and
subsequent bounds for Hadamard codes are obtained. Section
VII outlines some future directions and concludes the paper.

II. PRELIMINARIES AND INITIAL RESULTS

An LDPC code is defined by a sparse parity-check matrixH
or equivalently, its incidence graph which is a sparse bipartite
graphG (also called, a Tanner graph). The left vertices are
called variable (or, codebit) nodes and the right vertices are
called check(or, constraint) nodes. The set of codewords is
the set of all binary assignments to the variable nodes such
that at each check node, the modulo two sum of the variable
node assignments connected to the check node is zero, i.e.,
the parity-check constraint involving the neighboring variable
nodes is satisfied.

To analyze the performance of LP decoding or graph-based
iterative decoding, we will first define pseudocodewords of
the LDPC parity-check matrixH or its Tanner graphG.
Since the set of pseudocodewords arising from finite degree
graph covers has an elegant mathematical description and are
tractable [4], [5], we confine our analysis in this paper to this
set. A pseudocodeword arising from a graph-cover is defined
below. For a definition of a finite covering graph and examples
of pseudocodewords on these covers, see [4], [5].

Definition 2.1: Let v̂i,1, v̂i,2, . . . , v̂i,ℓ denote the variable
nodes in a degreeℓ lift Ĝ that correspond to a vari-
able node v in a base Tanner graphG. Supposeĉ =
(ĉ1,1, ĉ1,2, . . . , ĉ1,ℓ, ĉ2,1, . . . , ĉ2,ℓ, . . . ) is a codeword in the
Tanner graph Ĝ representing a degreeℓ cover of G. A
pseudocodewordp of G is a vector(p1, p2, . . . , pn) obtained
by reducing a codeword̂c, of the code in the lift grapĥG, in
the following way:

ĉ = (ĉ1,1, . . . , ĉ1,ℓ, ĉ2,1, . . . , ĉ2,ℓ, . . . ) →

(
ĉ1,1+ĉ1,2+···+ĉ1,ℓ

ℓ
,

ĉ2,1+ĉ2,2+···+ĉ2,ℓ

ℓ
, . . . ) =

(p1, p2, . . . , pn)=p,
wherepi =

ĉi,1+ĉi,2+···+ĉi,ℓ

ℓ
.

From the above definition, it is easy to show that for
an LDPC constraint graphG, a pseudocodewordp =
(p1, p2, . . . , pn) is a vector that satisfies the following set of
inequalities:

0 ≤ pi ≤ 1, for i = 1, 2, . . . , n. (1)

and, if variable nodesi1, i2, . . . , id participate in a check node
of degreed, then the pseudocodeword components satisfy

pij
≤

∑

k=1,2,..d,k 6=j

pik
, for j = 1, 2, .., d. (2)

Note that the above set of pseudocodewords can also be
described elegantly by means of a polytope, called the fun-
damental polytope [5], [6]. In the rest of the paper, we will
consider pseudocodewords and their behavior on the binary
symmetric channel (BSC). The weight of a pseudocodewordp

on the BSC is defined as follows [12].

Definition 2.2: Let C be a binary linear code andH a
parity-check matrix forC. Let p = (p1, p2, . . . , pn) be a
pseudocodeword ofH . Let e be the smallest number such that
the sum of thee largest components ofp is at least the sum
of the remaining components ofp. Then, theweight of p is

wBSC(p) =

{

2e, if
∑

e largestpi =
∑

remaining pi

2e − 1, if
∑

e largestpi >
∑

remaining pi

Since we only consider the weight over the BSC throughout
this paper, we will drop the subscript in the above weight
definition and simply refer tow(p) as the weight of a pseu-
docodeword.

Definition 2.3: Let C be a binary linear code and letH
be a parity check matrix forC. Thepseudo-distanceof H on
the BSC channel is defined as the minimum pseudocodeword
weight over all pseudocodewords ofH and is denoted by
wmin(H).

Note that when a pseudocodewordp of H is a codeword
in C, the weight of the pseudocodewordw(p) is equal to its
Hamming weight. Thus, for any binary linear codeC with
arbitrary parity-check matrixH , wmin(H) ≤ d(C).

Definition 2.4: LetC be a binary linear code with minimum
Hamming distanced(C). Then thepseudoweight redundancy
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Fig. 1. A Tanner graph withm + 1 variable nodes andm + 1 check nodes.

of C is defined as the smallest integerφ(C) such that there
exists a parity-check matrixH for C with φ(C) rows and
wmin(H) = d(C).

The following theorem shows that the pseudoweight redun-
dancy of a codeC is, indeed, well-defined.

Theorem 2.1: Let C be a binary linear code, and letH∗

denote the parity-check matrix forC consisting of all the
codewords of the dual codeC⊥. Thenwmin(H∗) = d(C).

In [3], it is observed thatH∗ does not always eliminate
all non-codeword pseudocodewords. We point out that this
does not contradict the above theorem, as non-codeword pseu-
docodewords may also assume weights≥ d(C).

Theorem 2.1 says that any binary linear code hasφ(C) ≤
2n−k. However such a parity-check matrix representation
makes iterative or linear programming decoding too complex
for practical use. The rest of this paper focuses on finding
tighter upper bounds on the pseudoweight redundancy for
various families and constructions of codes. The code in
next example shows that in some cases, just one additional
(redundant) check equation is sufficient to achieve a good
parity-check matrix representation.

Example 2.1: Figure 1 shows the Tanner graph of a code
C havingm+1 variable nodes andm+1 check nodes. In [4],
it was shown that this code has minimum distancem or m+1,
depending on whetherm is even or odd, respectively. However,
the minimum BSC pseudocodeword weight is 2 for both cases.
By adding just one redundant check node, namely, the row
(1, 0, 0, . . . , 0) whenm is even and the row(1, 0, 0, . . . , 0, 1)
whenm is odd, the minimum pseudocodeword weight becomes
equal to the minimum distance. Hence,φ(C) = m + 2.

In fact, additional redundancy is not always necessary, as in
the case for codes withd(C) ≤ 3.

Theorem 2.2: Let C be a binary linear code with minimum
distanced(C) ≤ 3. Then any parity-check matrixH for C

satisfieswmin(H) = d(C).

III. T REE-CODES ANDREPETITION CODES

As an example, consider the pseudoweight redundancy for
the family of linear codes that have a cycle-free representation
(i.e., tree-codes) or a single cycle representation. Any linear
code which has a cycle-free Tanner graph representation has
no non-codeword pseudocodewords [4] and thus,wmin = dmin

for this representation. Furthermore, it is easy to show that the

cycle-free representation corresponds to a parity-check matrix
with r(C) rows and thus,φ(C) = r(C) for these codes.

An [n, n−1, 2] single parity check (SPC) codeCspc and an
[n, 1, n] repetition codeCrpc are examples of linear codes with
a cycle-free Tanner graph representation. For the[n, n − 1, 2]
SPC code, the parity-check matrix[11 . . .1] is a matrix with a
cycle-free representation and hasφ(Cspc) = 1. For the[n, 1, n]
repetition code, the(n − 1) × n matrix H where rowi has a
1 in positions one andi + 1 for i = 1, 2, . . . , n− 1 is a parity-
check matrix forCrpc that has a cycle-free Tanner graph. Any
pseudocodeword forH has formp = α · 1, and the weight of
any pseudocodewordp when all the components in its support
are the same can be shown to be [4]

w(p) = |supp(p)| = n.

(Note that thee value in Definition 2.2 isn/2 for such a
pseudocodeword.) Hence,φ(Crpc) = n − 1. Note that the
repetition code also has a Tanner graph representation with
a single cycle. This single cycle Tanner graph also has no
non-codeword pseudocodewords. However, the corresponding
parity-check matrix has one additional row in this representa-
tion than that for the cycle-free representation.

IV. CONSTRUCTIONS OF CODES FROM OTHER CODES

In this section, we consider codes constructed from smaller
component codes and relate the pseudoweight redundancy of
the constructed codes with that of the component codes.

Theorem 4.1: Let C1, C2 be (n1, k1, d1), (n2, k2, d2) bi-
nary linear codes, respectively. ThenC3 = {(u, v) : u ∈
C1, v ∈ C2} is an (n1 + n2, k1 + k2, min{d1, d2}) code with

φ(C3) ≤ φ(C1) + φ(C2) (3)

Proof: SupposeH1 andH2 are parity-check matrices for
C1 andC2, havingφ(C1) andφ(C2) rows, respectively, such
that wmin(H1) = d(C1) andwmin(H2) = d(C2). Then

H =

[

H1 0

0 H2

]

.

is a parity check matrix forC with φ(C1) + φ(C2) rows. Let
P = (p1, p2, . . . , pn1 , q1, q2, . . . , qn2) be a pseudocodeword in
H . Then,p = (p1, . . . , pn1) is a pseudocodeword inH1 and
q = (q1, . . . , qn2) is a pseudocodeword inH2. Let e1 be the
smallest integer such that the sum of thee1 largest components
in p is at least the sum of the remaining components inp.
Definee2 for q analogously. Supposee is the smallest number
such that the sum of thee largest components ofP is at
least the sum of the remaining components inP . Then clearly,
min{e1, e2} ≤ e ≤ e1 + e2. Hence, the weight ofP is at least
2e−1 ≥ min{d(C1), d(C2)} = d(C). Thus,wmin(H) = d(C)
and henceφ(C) ≤ φ(C1) + φ(C2).

Theorem 4.2: Let C1 be an (n, k, d) binary linear code.
Then the codeC2 = {(u, u) : u ∈ C1} is an (2n, k, 2d) code
with

φ(C2) ≤ φ(C1) + n (4)



Proof: SupposeH1 is a parity-check matrix forC1 having
φ(C1) rows and the property thatwmin(H1) = d(C1) = d.
Then

H2 =

[

H1 0

In In

]

.

is a parity check matrix for C2 with φ(C1) + n
rows. Any pseudocodeword ofH2 has the form P =
(p1, p2, . . . , pn, p1, p2, . . . , pn) since the lastn rows of H2

impose the constraint that the 1st component ofP equals the
(n + 1)th component, the second component equals the(n +
2)th component and so on. Furthermore,p = (p1, p2, . . . , pn)
is a pseudocodeword ofH1. Let e be the smallest integer such
that the sum of thee largest components ofp is at least the
sum of the remaining components ofp. Then, the weight of
p is 2e− 1 ≥ d. Suppose now,e2 is the smallest number such
that the sum ofe2 components ofP is at least the sum of
the remaining components ofP , then clearlye2 = 2e. and
furthermore, the weight ofP is 2e2 ≥ 2d = d(C2). Thus,
φ(C2) ≤ φ(C1) + n.

Theorem 4.3: Let C be an (n, k, 3) binary linear code.
Then the extended codeC′ is an (n + 1, k, 4) code with

φ(C′) ≤ 2φ(C) (5)

Proof: Let H be a parity-check matrix forC with φ(C)
rows andwmin(H) = d(C). Let H̄ be the binary complement
of H . Then

H ′ =

[

H 0

H̄ 1

]

is a parity-check matrix forC′, where0 and 1 are the all-
zeros and all-ones column vectors, respectively. Letp′ =
(p1, p2, . . . , pn, pn+1) be a pseudocodeword ofH ′. Then
clearly,p = (p1, p2, . . . , pn) is a pseudocodeword ofH .

Supposee is the smallest number such that the sum of the
e largest components ofp is at least the sum of the remaining
components, then we know thate ≥ 3 sincewmin(H) = 3 =
d(C). Therefore, anypi <

∑n

j 6=i,j=1
pj , for i = 1, 2, . . . , n.

Furthermore any two columns inH will always contain either
a 01 among its rows or a10 or both since any two columns
in H cannot be identical asd(C) = 3. Therefore, any two
columns ofH̄ will either contain a01, a 10, or both among
its rows.

Supposee′ is the smallest number such that the sum of
the e′ largest components ofp′ is at least the sum of the
remaining components inp′. Then we need to show that
e′ ≥ 2 if the sum of thee′ largest components equals the
sum of the remaining components and thate′ > 2 if the sum
of e′ largest components exceeds the sum of the remaining
components. Supposep1 andpn+1 are the largest components
in p′. Then, applying the inequality of equation (2) at a row
c among the firstn rows of H ′ that contains a 1 in the
first column yieldsp1 ≤

∑

j∈Nc
pj , whereNc represents all

the neighbors of check nodec excluding variable node 1.

Applying the inequality of equation (2) in rown + c yields
pn+1 ≤

∑

j∈Nc+n
pj, whereNc+n is the set of neighbors of

check noden+c excluding variable noden+1. Notice that the
two setsNc andNc+n are non-intersecting since the rown+c
is the binary complement of rowc. Combining the above two
inequalities, we getp1 + pn+1 ≤

∑

j 6=1,n+1
pj . Thus, either

e′ ≥ 2 if p1 +pn+1 =
∑

j 6=1,n+1
pj or e′ > 2. Supposep1 and

p2 were the dominant components ofp
′

. Then, there is a row
among the firstn rows that contains a10 or a 01 among its
first two columns. Let us suppose rowc contains a10 among
its first two columns. Then applying equation (2) at rowc, we
getp1 ≤

∑

j∈Nc
pj whereNc is the set of neighbors of check

nodec excluding variable node1. Further,2 /∈ Nc, n+1 /∈ Nc.
Applying the pseudocodeword inequality at rown + c, we get
p2 ≤

∑

j∈Nc+n
pj where,Nn+c is the set of neighbors of check

noden + c excluding variable node 2. Again,Nc+n and Nc

are non-intersecting. And by the previous argument,e′ ≥ 2
if p1 + p2 =

∑n+1

j=3
pj and e′ > 2 if p1 + p2 >

∑n+1

j=3
pj .

Thus, the weight ofp′ is at least 4, thereby proving that
wmin(H

′) = d(C
′

) = 4. This shows thatφ(C′) ≤ 2φ(C).

A. Hamming codes and extended Hamming codes

For the class of binary Hamming codes, we can derive some
concrete results on the pseudoweight redundancy based on the
results obtained so far.

Corollary 4.4: Any [2m−1, 2m−1−m, 3] binary Hamming
codeC hasφ(C) = m.

The proof follows from Theorem 2.2 and the fact that
r(C) = m.

Corollary 4.5: Any [2m, 2m − m − 1, 4] binary extended
Hamming codeC hasφ(C) ≤ 2m.

The proof follows by combining the previous result with
Theorem 4.3.

V. STRUCTURED CONSTRUCTIONS OFLDPC CODES

We examine the pseudoweight redundancy for the tree-based
LDPC codes that we introduced in [10]. The tree-based LDPC
code constructions are notable for their relatively small gaps
between minimum distance and minimum pseudocodeword
weight of the corresponding tree-based parity-check represen-
tation. The two-dimensional finite-geometry (FG) based LDPC
codes occur as a special case of the tree-based construction.

Theorem 5.1: Let C be a binary Type II,ℓ = 3 tree-based
LDPC code with the tree-based parity-check representationH
havingn = p2s+ps+1 rows and columns and row and column
weight equal tops + 1. Then, ifp = 2, φ(C) ≤ n. If p > 2,
thenC is a repetition code andφ(C) = n − 1.

Proof: We prove in [10] thatwmin(H) = d(C) for p = 2
and therefore,φ(C) ≤ n by construction. The second statement
follows from the result in Section III.

The Type II, ℓ = 3 tree-based LDPC codes are described
by parity-check matrices that areps + 1 regular havingn =



p2s + ps + 1 rows and columns each and are equivalent to the
2-dimensional projective geometry (PG) overGF (ps) - binary
LDPC codes. We prove this equivalence in [10] and show that
for the tree-based parity-check matrix in the Type IIℓ = 3
construction,wmin(H) = d(C) = ps + 2 when p = 2 and
the codes are repetition codes withd(C) = n when p > 2.
Thus, the two-dimensional PG LDPC codes haveφ(C) ≤ n
for p = 2 andφ(C) = n−1 for p > 2 (from results in Section
III). We can also show that for the2-dimensional Euclidean
geometry (EG) LDPC codes (formed by excluding the origin
point in the corresponding geometry), the block length isn =
p2s−1 and a corresponding tree-based graph representation in
[10] hasn variable nodes andn check nodes andwmin(H) =
d(C) = ps + 1 when p = 2. Thus φ(C) ≤ n = 22s − 1
for the two-dimensional EG LDPC codes constructed from the
geometry overGF (2s). We are investigating the pseudoweight
redundancy for the finite geometry LDPC codes obtained from
higher dimensional Euclidean and projective geometries aswell
as the Type-I LDPC codes from the tree-based construction.

The Type II, ℓ = 4 tree-based LDPC codes are equivalent
to those obtained from finite generalized quadrangles.

Conjecture 5.2: Let C be Type II,ℓ = 4 tree-based LDPC
code with the tree-based parity-check representationH having
n = p3s +p2s +ps +1 rows and columns and row and column
weights equal tops + 1. Then, ifp = 2, φ(C) ≤ n.

We believe that the tree-based parity-check representation in
[10] achieveswmin(H) = d(C) = 2+2ps +p2s for p = 2 and
henceφ(C) ≤ n for these codes. Furthermore, we conjecture
that the LDPC codes from generalized polygons [4], [15] with
parity check matrices that are2s+1 regular, havewmin = dmin

andφ(C) ≤ n, the block length of the codes.

VI. REED-MULLER CODES

We assume the reader is familiar with the{u, u + v}
construction of Reed-Muller codes (see e.g., [13]). LetR(r, m)
denote the binary Reed-Muller code of orderr. R(r, m) has
length2m, dimensionk =

∑r

i=0

(

m

i

)

, and distance2m−r. We
show that for the recursive parity-check matrix representation
of these codes introduced in [1], the minimum pseudocodeword
weight equals the minimum distance.

Let H(r, m) denote the parity-check matrix forR(m− r −
1, m) = R(r, m)⊥. (Thus, the distance of the codeR(m− r−
1, m) is 2r+1.) Then the recursive construction in [1] shows
that for all positive integersm and for allr = 0, 1, . . . , m−1,

H(r, m) =





H(r, m − 1) H(r, m − 1)
0 H(r − 1, m − 1)

H(r − 1, m − 1) 0





Furthermore,H(m, m) = I2m and H(0, m) = (111 . . . 1).
Note that R(m − 1, m) is the single parity check code of
distance 2 and block length2m. By the result in Section III,
the pseudo-distancewmin(H(0, m)) = d(R(m − 1, m)) = 2
and its pseudoweight redundancy is 1.

Lemma 6.1: The pseudo-distance ofH(m − 1, m) is 2m.
(That is,wmin(H(m − 1, m)) = 2m.)

Proof: We will use induction onm. It is easy to check
that H(0, m) has a pseudo-distance equal to 2. Observe that

H(m − 1, m) =

[

I2m−1 I2m−1

0 H(m − 2, m − 1)

]

.

By the induction hypothesis, the pseudo-distancewmin of
H(m − 2, m − 1) is 2m−1. Just as in the proof of theo-
rem 4.2, any pseudocodeword ofH(m − 1, m) has the form
p = (p1, p2, . . . , p2m−1 , p1, p2, . . . , p2m−1). Furthermore,p′ =
(p1, p2 . . . , p2m−1) is a pseudocodeword ofH(m− 2, m− 1).
From the above argument, supposee′ is the smallest number
such that the sum ofe′ largest components ofp′ is at least
the sum of the remaining components ofp′, then e′ ≥
wmin(H(m− 2, m− 1))/2 = 2m−2. Supposee is the smallest
number such that the sum of thee largest components ofp is at
least that of the remaining components, thene = 2e′. Thus, the
weight of p is 2e ≥ 2m. This proves that the pseudo-distance
of H(m − 1, m) is wmin(H(m − 1, m)) = 2m.

Theorem 6.1: The pseudo-distance ofH(r, m) is 2r+1 for
all positive integersm and for all r = 0, 1, . . . , m − 1.

We will only give a sketch of the proof due to lack of space.
Proof sketch:Let p = (p1, p2, . . . , p2m+1) be a pseudocode-

word of H(r, m + 1). Using the recursive construction above,
H(r, m + 1) can be written as

H(r, m + 1) =





H(r, m) H(r, m)
0 H(r − 1, m)

H(r − 1, m) 0



 .

Repeating the recursion form − r + 1 times, we obtain

H(r, m + 1) =

(

H(r, r) H(r, r) . . . H(r, r)
...

... . . .
...

)

.

SinceH(r, r) = I2r , we consider the first2r rows in the above.
The first row involves columns1, 2r + 1, 22r + 1, . . . , 2m+1 −
2r + 1. The second row involves columns2, 2r + 2, 22r +
2, . . . , 2m+1 − 2r + 2, and so on. Supposee is the smallest
number such that the sum ofe largest values ofp is at least
the sum of the remaining components.

Let us consider two cases: Case 1: Assume that
the first 2r largest components inp occur one each
from the sets {p1, p2r+1, p22r+1, . . . , p2m+1−2r+1},
{p2, p2r+2, p22r+2, . . . , p2m+1−2r+2}, . . . ,
{p2r , p2r+2r , . . . , p2m+1} and without loss of generality,
assume the first2r components ofp arep1, p2 . . . , p2r . Then,
applying the pseudocodeword inequality in equation (2) at the
first 2r rows of H(r, m + 1), we obtain

p1 ≤ p2r+1 + p22r+1 + · · · + p2m+1−2r+1

p2 ≤ p2r+2 + p22r+2 + · · · + p2m+1−2r+2

...

p2r ≤ p22r + p23r + · · · + p2m+1



Summing all the above inequalities, we havep1 + p2 + · · · +

p2r ≤
∑2

m+1

i=2r+1
pi. Thuse ≥ 2r and the weight ofp is 2e ≥

2r+1.
Note that upon recursively expandingH(r, m+1) m−r+1

times, the sub-matrix ofH(r, m+1) excluding the first2r rows
of H(r, m + 1) are of the form

H(r, m+1) =

























.

.

.

.
.
.

.
.
.

.
.
.

.

.

.
H(0, m − r + 1) 0 . . . 0 0

0 H(0, m − r + 1) . . . 0 0

.

.

.

.
.
.

.
.
.

.
.
.

.

.

.
0 0 . . . 0 H(0, m − r + 1)

























.

Note thatH(0, m − r + 1) is an all ones vector of length
m − r + 1, i.e., H(0, m − r + 1) = (11 . . . 1).

Case 2: Assume that the first2r largest components
of p occur one each from the sets{p1, p2 . . . , p2m−r+1},
{p2m−r+1+1, . . . , p2m−r+2}, . . . , {p2m+1, . . . , p2m+1}. (With-
out loss of generality, assume the2r largest components in
p are p1, p2m−r+1+1, p2m−r+2+1, . . . , p2m+1. Then, applying
the pseudocodeword inequality in equation (2) at all the rows
excluding the first2r rows of H(r, m + 1), we obtain

p1 ≤ p2 + p3 + · · · + p2m−r+1

p2m−r+1+1 ≤ p2m−r+1+2 + p2m−r+1+3 + · · · + p2m−r+2

...

p2m+1 ≤ p2m+2 + p2m+3 + · · · + p2m+1

Summing all the above inequalities, we havep1+p2m−r+1+1+
· · ·+p2m+1 ≤

∑

rest pi. Thuse ≥ 2r andw(p) = 2e ≥ 2r+1.
It is easy to combine the two cases above when the largest

2r largest components ofp are distributed in any other manner
than those described above. In such a case, we apply the
pseudocodeword inequality at some of the rows in the first2r

rows ofH(r, m+1) and at some of the rows in the remaining
rows of H(r, m + 1) and arrive at the conclusion thate ≥ 2r.
This proves that the weight ofp is 2e ≥ 2r+1. 2

Schwartz and Vardy prove that the number of rows in
H(r, m) is

g(r, m) =
r
∑

i=0

(

m − r − 1 + i

i

)

2i

for all r = 0, . . . , m−1. From the previous result, the pseudo-
distance ofH(r, m) is equal to the distance of the codeR(m−
1 − r, m). Thus, we have

Theorem 6.2: The pseudoweight redundancy ofR(m−1−
r, m) is at mostg(r, m).

One type of Hadamard codes obtained from Hadamard
matrices are a special case of the Reed-Muller codes. They
correspond to Reed-Muller codes ofR(1, m) and have block
length 2m, dimensionm + 1 and distance2m−1. Thus, as a
corollary of Theorem 6.2, we have

Corollary 6.3: The pseudoweight redundancy of the
[2m+1, m + 1, 2m−1] Hadamard code from the construction
in [13] is at mostg(m − 2, m) = (m − 2)2m−1 + 1.

VII. C ONCLUSIONS AND FUTURE WORK

This paper introduced the notion of pseudoweight redun-
dancy which provides insight as to which graph representations
of a code may best realize its decoding potential under iterative
or LP decoding. Upper bounds on the pseudoweight redun-
dancy were shown for general linear codes, and the families
of tree-based LDPC codes, finite-geometry based LDPC codes,
and Reed-Muller codes were analyzed with respect to this pa-
rameter for the BSC. More sophisticated bounding techniques
as well as extensions to other codes (such as BCH codes)
and channels is in progress. Several of the results presented
in the paper are easily extended when the BSC-pseudoweight
is replaced by the max-fractional weight defined in [3]. We
showed in [4] that the pseudoweight on the AWGN and BSC
channels are lower bounded by the max-fractional weight.
Thus, the results that extend to the max-fractional weight also
extend to the AWGN pseudocodeword weight. These results
will be presented in a future paper. A natural question is, what
is the optimal level of redundancy: although the decoding per-
formance is best when the minimum pseudocodeword weight
is equal to the minimum distance, a high level of redundancy
increases the complexity of the decoder. Furthermore, evenif a
parity-check matrixH with φ(C) rows andwmin(H) = d(C) is
chosen for decoding, the parity-check matrix may still contain
higher weight pseudocodewords that may affect the decoding
performance at low to moderate SNRs.
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