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The Cantor Set

Let k ∈ Z≥0. A k-fraction is any fraction of the form i/3k with
i ∈ Z.

A k-gap is an open interval in [0, 1] of the form ( i
3k
, i+1

3k
) with i ≡ 1

(mod 3).

Formally, the Cantor set C1 is given by

C1 = {x ∈ [0, 1] : ∀k x is not in a k-gap}.
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The Sierpiński Carpet

A k-gap is an open interval in [0, 1] of the form ( i
3k
, i+1

3k
) with i ≡ 1

(mod 3). A n-dimensional k-pocket is any set of the form
γ1 × · · · × γn for k-gaps γi .

The Sierpiński carpet C2 is given by

C2 = {x ∈ [0, 1]2 : ∀k x is not in a k-pocket}.

There exists a family of higher-dimensional generalizations of C1 with
similar properties.
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The Sierpiński Carpet

A k-gap is an open interval in [0, 1] of the form ( i
3k
, i+1

3k
) with i ≡ 1

(mod 3). A n-dimensional k-pocket is any set of the form
γ1 × · · · × γn for k-gaps γi .
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The Sierpiński carpet C2 is given by

C2 = {x ∈ [0, 1]2 : ∀k x is not in a k-pocket}.

There exists a family of higher-dimensional generalizations of C1 with
similar properties.



The Sierpiński Carpet
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Shortest Paths

Because C2 is path-connected, we may ask about shortest paths in C2.

Specifically, we will look at shortest taxicab paths (paths changing in
only one coordinate at a time).

Unlike planar taxicab paths, taxicab paths in C2 may need to detour,
or backtrack in a coordinate, to avoid k-pockets.

Per Smith and Berkove, backtracking is necessary between points
a, b ∈ C2 when the interval, [ai , bi ], in the ith coordinate, contains a
k-gap, while [aj , bj ] is contained in a k-gap (for the same k).
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Guiding Question

In higher dimensions, we can consider minimal areas enclosed by trios
of shortest taxicab paths between three points. When zero area is
enclosed, these paths must have a nonempty triple intersection.

It is helpful to first consider paths between three points, and their
triple intersections, in C2.

Can we characterize the existence of a triple intersection point in C2?
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Mesh Construction

Given a, b ∈ C2 we consider all shortest paths between a and b at
once via the mesh of shortest paths from a to b,

Mab = {x ∈ C2 : x ∈ p for any shortest path p from a to b}.



Mesh Construction

Given a, b ∈ C2 we consider all shortest paths between a and b at
once via the mesh of shortest paths from a to b,

Mab = {x ∈ C2 : x ∈ p for any shortest path p from a to b}.



Mesh Construction

Given a, b ∈ C2 we consider all shortest paths between a and b at
once via the mesh of shortest paths from a to b,

Mab = {x ∈ C2 : x ∈ p for any shortest path p from a to b}.



Mesh Construction

Given a, b ∈ C2 we consider all shortest paths between a and b at
once via the mesh of shortest paths from a to b,

Mab = {x ∈ C2 : x ∈ p for any shortest path p from a to b}.



Mesh Construction

Given a, b ∈ C2 we consider all shortest paths between a and b at
once via the mesh of shortest paths from a to b,

Mab = {x ∈ C2 : x ∈ p for any shortest path p from a to b}.



Mesh Construction

Given a, b ∈ C2 we consider all shortest paths between a and b at
once via the mesh of shortest paths from a to b,

Mab = {x ∈ C2 : x ∈ p for any shortest path p from a to b}.



Mesh Construction

Given a, b ∈ C2 we consider all shortest paths between a and b at
once via the mesh of shortest paths from a to b,

Mab = {x ∈ C2 : x ∈ p for any shortest path p from a to b}.



Mesh Construction

Given a, b ∈ C2 we consider all shortest paths between a and b at
once via the mesh of shortest paths from a to b,

Mab = {x ∈ C2 : x ∈ p for any shortest path p from a to b}.



Mesh Construction

Given a, b ∈ C2 we consider all shortest paths between a and b at
once via the mesh of shortest paths from a to b,

Mab = {x ∈ C2 : x ∈ p for any shortest path p from a to b}.



Mesh Construction

Given a, b ∈ C2 we consider all shortest paths between a and b at
once via the mesh of shortest paths from a to b,

Mab = {x ∈ C2 : x ∈ p for any shortest path p from a to b}.



Mesh Intersections

When considering first approximations of the meshes, any potential
triple intersection must arise from the intersection of rectangles.

We refine this by first considering the pockets that cause detours.
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Rounded Median

The potential triple intersection created by early approximations of
meshes can be understood as a point derived from the median, and
thus calculated explicitly.

Theorem

Given a, b, c ∈ C2, let M = Mab ∩Mbc ∩Mca. If M is nonempty, M
contains only the rounded median.
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Results

In all cases where M is
observed to be empty early in
the mesh constructions, we
see similar backtracking
behavior. We call path trios
with this behavior
‘non-compatible.’

This compatibility criteria, together with a requirement on the relative
positions of a, b, c, and the rounded median, then provides a
necessary and sufficient condition for the triple intersection to be
nonempty.

Theorem

M is nonempty if and only if all detours of pairwise shortest paths are
compatible and there is no detour on any shortest path from a, b or c to
the rounded median.
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Future Directions: Higher Dimensions

Our mesh construction generalizes to higher dimensions. In particular,
it can be done in fractals which are large enough to contain area.

Answering similar questions in higher dimensions can tell us about
minimal m-dimensional volumes resulting from fixing m + 1 points in
a high dimensional fractal.

Thank you!
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