
Robust and Efficient Phase Retrieval from
Magnitude-Only Windowed Fourier Measurements

Jessica Bennett†, Penelope Fiaschetti¶ Mentor: Aditya Viswanathan
REU Site: Mathematical Analysis and Applications at the University of Michigan-Dearborn

jessica_bennett@brown.edu†, pmf2022@bu.edu¶

Motivating Application – Molecular Imaging

Fig.: Image source: Xiaojing, et al. “Fly-scan ptychography.” Scientific Reports 5 (2015).

The phase retrieval problem occurs in several fields of science such as X-ray crystallog-
raphy, optics, astronomy and quantum mechanics, where, either due to the underlying
physics or instrumentation limitations, we are unable to acquire phase information.

Acquired Measurements (Spectrogram Model)
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Unknown signal/specimen is x ∈ Cd; m ∈ Cd is a known mask/window (models
pinhole and focusing lens); l denotes a (discrete) shift of the mask

Understanding Phase Retrieval – A 2× 2 Model Problem

Suppose we have the magnitude-only (phaseless) system of equations
|2ix + 4y|2 = |6|2 = 36
|3x− iy|2 = |i|2 = 1

Lifting/Linearization:
4 8i −8i 16
9 3i −3i 1
4 6 6 9
0 0 0 4




|x|2
xy
xy
|y|2

 =


36
1
40
16


new unknown−−−−−−−−−−−−−−→
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Angular/Vector Synchronization: Having solved for the vector x =
[
|x|2 xy xy |y|2

]T ,
we obtain x and y as follows
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How can we apply the 2 x 2 Model Problem to linearize and perform vector/angular
synchronization on the Spectrogram Model?

Proposed Framework

We linearize the problem, using the following theorem, where Fd : Cd→ Cd is the discrete
Fourier Transform (DFT), Sα : Cd → Cd, (Sαx)n := xn−α, n, α ∈ Zd is the (circular)
shift operator, ◦,x,M∗ denote component-wise multiplication, complex conjugate and
conjugate transpose respectively.

Theorem (Perlmutter et al.)

Let x ∈ Cd be an unknown d-periodic signal and let m ∈ Cd be a known mask.
Consider the measurement model
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where Yk,l denotes acquired measurements (corresponding to the kth frequency index
and lth shift). Define the sub-sampled measurement matrix YK,L ∈ RK×L (for some
K | d, L | d) as

(YK,L)k,l := Ykd
K ,

ld
L
, k ∈ ZK, l ∈ ZL.

Let Ỹ := FLY
T
K,LF

T
K Then, for ω ∈ ZK and α ∈ ZL,

Ỹα,ω︸ ︷︷ ︸
2 FTs of measurements
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(Fd (x ◦ Sω−rKx)︸ ︷︷ ︸
unknown signal terms

)α−lL(Fd (m ◦ Sω−rKm)︸ ︷︷ ︸
known mask terms

)lL−α.

We then perform angular synchronization.

Thm. solve−−−→
linear
system



x ◦ S−(κ−1)x︸ ︷︷ ︸
d-(row) vector

. . .
x ◦ S−1x
x ◦ S0x
x ◦ S1x
. . .

x ◦ S(κ−1)x


∈C(2κ−1)×d

re-arrange
along−−−−−→

2κ− 1
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Tκ(xx∗), (Tκ(Z))j,k=


Zj,k, |j − k| mod d < κ

0, else.

This produces a Hermitian symmetric banded matrix such that the main diagonal
contains squared magnitudes of x and off-diagonals contain relative phase information.

Properties of Tκ
•The largest eigenvalue of Tκ is 2κ− 1, with corresponding eigenvector x̃ where

(x̃)j = eiφj, and φj ∈ [0, 2π] such that xj
|xj| = eiφj. The unknown phases of the

signal are contained in x̃.
•The largest eigenvalue is unique. For the matrix Tκ, if the eigenvalues are
ordered such that λ1 is the largest, then λ1 6= λ2.

Computational Time

Step Description Operations
1 Linear System Solve (2κ− 1) · [((1 +K)(d log2 d)+

dK log2K) + 2d]
2 IDFT (2κ− 1) · (d log2 d)
3 Populate Tκ(Z) d(2κ− 1)
4 Hermitianize d(2κ− 1)
5 Estimate Magnitude d
6 Normalize d(2κ− 1)
7 Eigenvector Computation [d(2κ− 1) + d] · (log2 d)

Total O(d log2 d)

Theoretical Error Bound

For x,m ∈ Cd with supp(m) ⊆ Zδ where δ < d/2, let K divide d and YK,d be the
partial measurement matrix, with NK,d being the corresponding noise matrix. With
Ỹ := FdY

T
K,dF

T
K and Ñ := FdN

T
K,dF

T
K, let min |x| := min

0≤n≤d−1
|xn| > 0 and let µ be a

mask-dependent constant with µ := min
|p|≤κ−1,|q|≤δ−1

∣∣∣∣(Fd(m ◦ Spm))q
∣∣∣∣ > 0. Let κ ∈ [2, δ]

and assumeK = δ+κ−1 divides d. The reconstruction algorithm based on the proposed
framework will output an estimate of x, xe, such that
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where C,C ′ are constants independent of all other factors.

Numerical Results

The left figure shows execution time (Matlab algorithmic implementation) as a function
of problem size, which is in line with what we expect from the algorithm and use of the
fast fourier transform.
The right figure illustrates robustness of the method to added noise – with both added
noise (expressed as signal to noise ratio (SNR)) and reconstruction error measured in
decibels (db) – which is in line with our predictions from the theoretical error bound.
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