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Abstract

This presentation introduces the concept of a Laplacian
simplex, which is given from a finite graph by taking the
convex hull of the columns of that graph’s Laplacian matrix.
We define graph terminology along with how to construct
the Laplacian matrix. Recently, there is a heightened in-
terest in studying polytopes associated to graphs. It is of
interest within the mathematical community to explore how
the geometric properties of the polytope relate to the dis-
crete properties of the graph. For instance, the volume of a
Laplacian simplex is related to the spanning trees of its un-
derlying graph. We analyze the fundamental parallelepiped
of the simplex in order to describe a bijection between lat-
tice points and labeled rooted spanning trees. Finally, we
demonstrate the construction of lattice points and present
new results regarding the form of lattice points for different
families of graphs. This is joint work with Dr. Marie Meyer.

1. Introduction to Graphs

A graph G consists of a vertex set [n] := {1, . . . , n} and an
edge set E(G) = {ij | i, j ∈ [n], i ̸= j}. A tree is a graph
with no cycles. A spanning tree of a graph G is a tree that
is a subgraph of G which contains all vertices of G. We let
τ denote the number of spanning trees of a graph G. Below
is an example of a cycle graph and its spanning trees.

We consider the following (n × n) matrices associated to a
graph G. The degree matrix contains the degree of each
vertex along its main diagonal and zeros else. The adja-
cency matrix of a graph has entries aij = 1 if ij ∈ E(G) and
0 else. The Laplacian matrix of a graph, denoted L(G), is
the difference of the degree and adjacency matrices.

2. Laplacian Simplices

Laplacian simplices are simplices that Braun and Meyer [3]
associated to a connected graph G. Let G be a simple con-
nected graph with vertex set [n]. The Laplacian simplex
associated to G, denoted PG is the convex hull of the rows
of L(G). It is of interest to explore how the properties of the
simplex relate to the properties of its underlying graph.

Notable properties of the Laplacian simplex PG include

• PG is n− 1 dimensional with n vertices (a simplex)

• PG contains 0⃗ in its strict interior

• Vol PG =
∑n

i=1 τ = n · τ

Each simplex is uniquely defined by its fundamental paral-
lelepiped, which is defined as

Π(PG) = {λ · [L(n) | 1] | 0 ≤ λi < 1}.

Notable properties of Π(PG) include

• [0, 0, 0, ..., 0, h] ∈ ΠPG
for each integer h, 0 ≤ h ≤ n− 1

• Vol PG = |ΠPG
∩ Zn+1| = nτ

• λ⃗ = 1
nτ · x⃗, where x⃗ has integer coordinates such that

0 ≤ xi < nτ

Pictured below are the Laplacian simplex associated to the
3-cycle graph along with its fundamental parallelepiped.

It is of interest to identify the relationship between proper-
ties of the graph and the simplex.

3. New Results

We used the techniques in [1] to discover a way to divide
the lattice points of the fundamental parallelepiped into dif-
ferent cosets using addition modulo n. Here is an example
of obtaining the different cosets associated with the lattice
points of Π(PC3

).

Π(PC3
) = {[λ1, λ2, λ3] ·

 2 −1 1
−1 2 1
−1 −1 1

 ∣∣∣∣0 ≤ λi < 1,∀i ∈ [n]}

Coset 1
(0, 0, 0)− (0, 0, 0)

(3, 3, 3)− (0, 0, 1)

(6, 6, 6)− (0, 0, 2)

Coset 2
(3, 0, 6)− (0,−1, 1)

(6, 3, 0)− (1, 0, 1)

(0, 6, 3)− (−1, 1, 1)

Coset 3
(0, 3, 6)− (−1, 0, 1)

(3, 6, 0)− (0, 1, 1)

(6, 0, 3)− (1,−1, 1)

This produces a bijection between the cosets of Π(PG) and
spanning trees of G, as stated in the following result.

Theorem 1 (Allen-Meyer) The left cosets given by λ+ <
1
n1 >∈ Π(PG) are in bijection with the spanning trees of G.

In [4], the fundamental parallelepiped points of the Lapla-
cian simplex associated to the cycle were classified in the
below theorem.

Theorem 2 For even n such that n ≥ 4, the lattice points in
Π(PCn

) are generated from the subgroup

Λ(PCn
) =

1

2n
< (1, 3, 5, . . . , 2n− 1) + 21 >

of the group < Zn
2n,+2n >.

We extend these results by considering the wedge graph of
a cycle graph and a tree graph to obtain the following two
results.

Theorem 3 (Allen-Meyer) For even natural numbers n ≥ 4,
the lattice points in Π(PCn∧Tn

) are of the form λ⃗ = 1
4n · x⃗,

where x⃗ is in the subgroup

< (1, 5, 9, . . . , 4n− 3, (4n− 3)1n) + 21 >

of the group < Z2n
4n,+4n > .

Theorem 4 (Allen-Meyer) For even natural numbers n ≥ 4,
the lattice points in Π(PCn∧Tn

2
∧Tn

2
) are of the form λ⃗ = x⃗

2n,
where x⃗ is in the subgroup

< (1, 3, 5, 7, . . . , 2n− 3, 2n− 1, (2n− 3)1
n
2 , (2n− 1)1

n
2) + 1 >

of the group < Z2n
2n,+2n >.

Pictured below are the graphs C4∧T4 and C4∧T2∧T2, from
left to right, respectively.

4. Future Directions

Here are some questions left to be explored.
Open Problem 5 Can we define an explicit bijection be-
tween the fundamental parallelepiped points and labeled
rooted spanning trees of its finite graph?

Open Problem 6 Is there a universal way to construct all
lambda vectors from a graph’s Laplacian matrix so we
are able to determine all of the fundamental parallelepiped
points within our simplices?
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