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First Things First: What is the

Who is Fibonacci? , ,
Fibonacci Sequence?

Leonardo Pisano, also known as Fibonacci, was one of
the greatest mathematicians of the middle ages.
Fibonacci was born in 1170 in the city of Pisa. In 1202
he published the book Liber Abaci which introduced
Arabic-Hindu numerals (and their properties) to the
mathematicians and merchants of Europe. In this book,
he introduces a mathematical puzzle known as the
“rabbit problem” which is about the breeding patterns
of rabbits. The sequence that occurs when the rabbits
breed indefinitely, is what is widely known as the
Fibonacci sequence. As this research paper pertains to
Fibonacci numbers, we felt it was exigent to introduce
the mathematician who made this body of work
possible (Risley).

The Fibonacci sequence is as follows: 0, 1, 1,
2,3,5,8,13, 21, 34, 55, 89, 144, 233, 377, ... .

This is found by adding the first and the
second number to get the third (ie. 0+1=1)

and then using the second and third

number to get the fourth (ie. 1+1=2) and so

on, until infinity.

We notice that the value of #; must be equal to 84 minus #3. Now, to find 3

. Y . and 0, we can constuct the two right triangles below to solve for each angle.
Recursive Sequence Cassini’s Identity Thank You
Using this equation, if we plug in 1 for x we get 2 for y. If we plug in 3 for x we get 5 for
y, BUT it doesn’t get between Fibonacci pairs... So, how do we find a formula that can
get between Fibonacci pairs. We thought: "what if the 4 in our equation is considered .
There is a formula to represent This is an identity that we n n a constant (called C)?”. What would we get for C if we plugged in 2 for x and 3 for y? To my research partner Gabriel Rose, and
the Fibonacci sequence. It is needed to use to prove that the b3 9, C = -4. This new generalized formula to the Washburn University Math Dept.
. x+vbhr? —4
called the recursive sequence upcoming problem related to - n _ om y = ! ;x (5) namely, Dr. Porta, Dr, Cook, & Prof.
formula for the Fibonacci the Fibonacci sequence. can get us from 2 to 3 in the fibonacci sequence! McNamee.

Now we have two formulas with the ability to generate all fibonacci numbers using
only one other fibonacci number. In the past using the Recursive formula, if you wanted
to generate all fibonacci numbers, you needed two numbers on the sequence.

sequence, and it is as follows:

Recursive Formula F 1 F 11— F2 — (_ ]_)n Since these are both right triangles, we can use trigonometry identities to solve
n n n for the angle. Using arctangent, we get:
P = Fn—1 + b2 a.rctan(Q—n) - arctan(ﬁ) = 6, (1)
n n
. | arctan(2) — arctan(1) = 6 (2)
Binet's

Now all we need is an equation for #> and then we can solve. To get 62 we can

Formul a construct a third right triangle. . WOI‘I(S C]_ted

e “Beautiful Roses.” Pinterest, 22 Dec. 2015,
https:/ /www.pinterest.com/janpatnode/httpss-media-cache-

The neat thing about this

akOpinimgcom/.
3n 5

n n i i
( 14 \/g ) - ( 1 \/g) formula is that we can easily 0,

solve for any number in the

* “Binet's Formula.” Art of Problem Solving, 2007,
https:/ /artofproblemsolving.com/wiki/index.php/Binet's_Formula.

* Jouguina, Aléna. “Fibonacci Spiral in Nature.” Flickr, Yahoo!, 24 Jan. 2009,
https:/ /www.flickr.com/ photos/ehux/3222756096/ .

mn
f n \/5 Fibonacci sequence! (also

* Parks, David. MBG: Madagascar Biodiversity and Conservation - Spiral Fern, 2000,

known as flndlng the “ nth http:/ /www.mobot.org/mobot/madagascar/image.asp?relation=A99.

. . . . . . . L. (9 3) * Risley, Heather. “Leonardo Pisano (Fibonacci).” Academia.edu, 26 Mar. 2015,
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THE PROBLEM! (FINALLY)

Now that we have equations for both #, and #; we can plug them into a
calculator to see if they’re the same. Sure enough they are.

Future Directions

Prove that 6, is equal to 65 given that these are squares of side length n.

01 = 63.4349° — 45° = 18.4349° (5)
0o 0y = 18.4349° (6) n
After this discovery, we then asked ourselves if we could generalize this formula
n 01 to find all possible angles of a chain of square that are equal to eachother. Our Would this lead to other .
first step was to generalize both equations 1 and 3. We did so by first setting
them equal to eachother and then replacing 2 with y and 1 with z. Fibonacci-like sequence arctan  ( i—n ) - arctan ( % = arctan % )
n n
n
closed forms? .
Looking back on equation (2): arctan (y ) - arctan ( X ) = arctan ( 2(y+x) )
arctan(2) — arctan(1l) = 6, (2)
And equation (4)
a.rctan(%) = b (4)
We want to find a generalized formula for finding all the possible pairs of equal angles in
our square diagram. In order to do this we will substitute y=2 and x=1 in our equations F(X) - ) =
To solve this question we first must find a formula for #, and 6. For 6, we (2) and (4): ’
can first take the above diagram to construct the diagram below. While also arctan(y) + arctan(z) = 6, (1)
adding @3 and 04 to make solving for #; possible. arctan( Jlr y) — 0, ) /\ K\

Even Entries

Next we need to solve for y in terms of x. We will do this to our new version of equation . ‘ . ‘ ‘ . ‘

n ) (5):
) — . 0 1 1 2 3 5 3
0 . arctan(y) — arctan(z) = a.rct-an(y " .-1:) (5)
n n We will take the tangent of both sides and use the the tangent identity
_ tan(a) — tan(b)
tan(a — b) = 1 — tan(a) tan(b) )
We end up with the equation Can be used to get between odd to even Fibonacci numbers
r+vVhr?+4

(4)

Y=

Odd Entries

Can be used to get between even to odd Fibonacci numbers



