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Preliminaries Observation —
Definition. The Pell sequence (P,),, and the associated Pell sequence (Q;), -, are defined by the re- | k | Loglf!w _ i
currence relations P, = 2P,_1 + P, and Q, = 2Q,-1 + Q,—2, respectively, with initial conditions Py = 0, Consider ( Z P+ ) when k = 6. Then we have _

_ _ _ i=1 150 741 = 287
P1=1,Q0=1and Q1 = 1. 7.99 = 693
Remark. The associated Pell (respectively, Pell) sequence is the sequence of numerators (respectively, Pi1+Py+P3+Py+Ps+Pg =119 7 -239 = 1673
denominators) of the rational convergents to the square root of 2. P> + P3 + P4+ Ps + Pe + P; = 287 7 -577 = 4039
Definition. The balancing sequence (B;),>, and the cobalancing sequence (b,),., are defined by the i?’ T 1134 T 1135 T 1136 T 1137 T gS - ?Z% e
recurrence relations B,, = 6B;,_1 —B;,_» and b, = 6b,,_1 —b,,_» + 2, respectively, with initial conditions By = 0, a4t 5+ let 7+ g+ 179 =
Bi=1,by=0,and b; =0. Ps + P¢ + Py + Pg + Py + P19 = 4039
Definition. The Lucas-balancing sequence (C;),», and the Lucas-cobalancing sequence (c;),-q are de- | o i | o |
fined by the recurrence relations C,, = 6C,,_1—C,,_2 and ¢, = 6¢;,_1—c,,_2, respectively, with initial conditions This pattern goes on for infinitely many sums with all of them being divisible by 7. Furthermore, 7 is the
Co=1,C1=3,c0=-1,and c1 = 1. greatest integer that divides all sums. This value is 9°(6). Moreover, 21(6) equals Q5.

2101123 4 5 6 A 8 9 10 Further observe that the sequence 17,41, 99,239,577, ... is equal to Q4, Os, Q¢, Q7, Qs, . ... This holds by
Identity (1) of Theorem 1.2.
P, 012 5 12 29 70 169 408 985 2378
O, 1 .1/3 7 17 41 | 99 239 577 1393 3363
B, 0 1 6 35204 1189 6930 40391 235416 1372105 7997214
Results for (9751(k)) and ((5.1(k))
b, 00 2|14 84 492 2870 | 16730 | 97512 | 568344 | 3312554 k>1 k>1
C,| 1 317 99 5773363 19601 114243 665857 3880899 22619537 These are the braids for braid sequences (%'(k)),., in blue and (Q'(k)), ., in dashed red.
cpn |—11117 41 2391393 | 8119 | 47321 | 275807 1607521 | 9369319
1 201 1 2P, 1 1
Fig. 1: Table of first 11 terms in sequences (Py),,;50, (Qn) >0, (Bn)ns0r (0n)yn>0, (Cn)yso, and (€n),»0 \ R S \ R \
1 01 1 2P, 1 1

Braid Sequence

A braid sequence arises when we intertwine two sequences. For example in Figure 2, we have the sequence
(P1n),»1 in the top row and the associated Pell sequence (Q), - in the bottom row. The red-dashed path

Theorem 1.4. For all k > 1, we have

r . r o
is the sequence (gcd(By,, by)), ., and the blue-solid path is the sequence (gcd(B,,, b, + 1)), .. Both braid 2P ifk=0 (mod 4), 2P¢  if k=0 (mod 4),
sequences are easily proven by the identities ) PLk)=1{Q ¢ ifk=2 (mod 4), Q'(k) =120 ¢ ifk=2 (mod 4),

1 ifk=1,3 (mod 4), ifk=1,3 (mod 4).

Bn — PnQn;

b P,Q,_1 ifniseven, b4 = P,_10Q, ifniseven,
"\ P,.1Q, ifnisodd, " = |P,Q,.1 ifnisodd,

and the facts that gcd(P,,—1, P,) = 1 and gcd(Q,-1, Qy) =1
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Fig. 2: The braiding of (Py),;»1 and (Qxn),;»1

Results for (B1(k)), 5,

These are the braids for braid sequences (%' (k))

and (I‘il(k))k21

in blue and (6'(k)),., in dashed red.
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When (5,),,5¢ is any of the six sequences (Py),;s0, (Qn),;>0, (Bi)ys0r (0n)>0, (Ci),»0, OF (€1),,50 Mentioned
earlier, we establish the following notation for $"(k), the GCD of all sums of k consecutive m™ powers of
sequence terms, in the respective six settings:

Theorem 1.5. For all k > 1, we have

P (k) = ged [[$m) Q" (k) = ged (Sor) () = ged {3 B | (k) = {20k ks cven, 61(k) = | 8w )y ks coen,
— . > = \ : ¢ = : ¢ — —
&€ | ; n+i . g€ | ; Qn+z . &€ ; n+i . Ok ka is odd, 2 ng(Qk/ k) ka 1s odd.
( k - ) ( k N \ I - \
6" (k) = ged 1 (Z bZ1+i) > 6" (k) = gcd (Z CZL‘) > " (k) = ged {(Z C;TH‘) >
. = L\ > 1=1 n>0/

Results for (‘Ql(k))k21 and (01(k))k21

These are the braids for braid sequences (€'(k)), ., in blue and (<'(k)),., in dashed red.

New Identities

Theorem 1.1. For s, r > 1 where s is even, the following identities holds: Ql\ 7‘4132.,‘ QB\ 7‘41)4.,
2P:Qs,, ifs=0 (mod 4), 4P:Ps., ifs =0 (mod 4),
PS+1" _ PT‘ — 2Q2+r Z:fS _ (mo ) QS"‘T' _ Q]" — 2 2+r Z:fs . (mo ) K \ ;‘ K \
ZQ%P%M’ ZfS =2 (mOd 4)/ 2Q%Q%+r ZfS =2 (mOd 4)° 01 2P> OF! 2P,

k
Theorem 1.2. For k > 1, set os(k,n) := ), Sy+i where (S,)n>0 is any sequence. Then the following identities
i=1
holds for the five sequences Pell (Py,),>0, associated Pell (Qy,)n>0, balancing (By,)n>0, Lucas-balancing (C,,), >0, and
Lucas-cobalancing (c;,)n>o0:

Theorem 1.6. For all k > 1, we have

C@l(k): 2Py if k is even, cl(k): 4Py if k 1s even,
Qk ifkisodd, Qx if kisodd.

2P§P§+n+1 if k=0 (mod 4), 1)

1
op(k,n) = E(Qn+k+1 —Qn+1) = {Q§Q§+n+1 if k =2 (mod 4),

o p , 2PQ:,,.; k=0 (mod 4), . Future Research
OQ\K, N) = Lytk+1 — 'n+1 = .
' ' 2QkPi, 1 k=2 (mod 4), 1. Complete $3(k) for all 6 sequences. 3. Find the closed forms for the values gcd(Sk, k) for
2. Determine §™(k) where m > 2 for all 6 sequences. all 6 sequences.
1 1PQkion+1 if k is even
k,n)=—(P - P =<2 ' 3
UB( 1’1) 4 ( 2k+2n+1 2n+1) {%Qkpk+2n+1 ka is odd, (3)
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1 {ZPkPk+2n+1 if k is even, ()

k,n) == - =
Gc( 1’1) 2(Q2k+2n+1 Q2n+1) Qka+2n+1 ifkiS Odd,

2Py Pii2n  if k is even,

QxQx+2n  if kisodd. ()

oc(k,n) = %(Q2k+2n — Qop) = {

k
Theorem 1.3. For k > 1, set op(k, n) := ), by+i. Then the following identity holds:
i=1
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u(k, 1) = 5(Bisn — By = ). ©




