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Why?
Polynomials Over ℂ

• Rational functions

𝑓 𝑥 =
𝑝(𝑥)
𝑞(𝑥) , 𝑞 𝑥 ≠ 0

• Any polynomial over ℂ can be written of a 
unique product of the form:

𝑃 𝑥 = 𝑐 𝑥 − 𝛼! …(𝑥 − 𝛼")

• We can consider (𝑥 − 𝛼) as a “prime” in the set 
of polynomials over ℂ.

• Question: We can rewrite any polynomials as a 
power series around 𝑥 − 𝛼 . Can we do 
something like that with integers and prime 
numbers?

𝑃 𝑥 = 𝑎# + 𝑎!𝑥 + ⋯+ 𝑎$𝑥$ =5
%&#

𝑏% 𝑥 − 𝛼 %

Integers
• Rational numbers

𝑞 =
𝑎
𝑏 , 𝑎, 𝑏 ∈ ℤ, 𝑏 ≠ 0

• Any integer can be written as a product of 
prime numbers:

𝑎 = 𝑝!𝑝'…𝑝$

• Answer: Yes! 
321 = 3×10' + 2×10 + 1
321 = 6×7' + 3×7 + 6

p-adic number!



What are p-adic numbers?

Defn: Fix a prime number 𝑝. A p-adic number is a formal sum of the form:

𝒂𝒏𝟎𝒑
𝒏𝟎 + 𝒂𝒏𝟎"𝟏𝒑

𝒏𝟎"𝟏 +⋯ where 𝑎$ ∈ {0,1, … , 𝑝 − 1} for all 𝑖.

Examples:

• 𝑝 = 3,  1 + 2×3

• 𝑝 = 5,   2×5!" + 1×5

• 𝑝 = 5,   4 + 4×5 + 4×5# + 4×5$ +⋯

Notes:

• Formal sum: Don’t try to put it into a 
calculator!

• 𝑛# can be zero, or a positive integer, or a 
negative integer.

• A p-adic number could be a finite or infinite 
expression.



Addition and Multiplication

Fix a prime number 𝑝. Given two p-adic numbers 𝑥 = ∑$%&) 𝑎$𝑝
$ , 𝑦 = ∑'%() 𝑏'𝑝

'.

• Addition:

𝒙 + 𝒚 = 7
𝒊%𝒏𝟎

(𝒂𝒊 + 𝒃𝒊) 𝒑𝒊

• Multiplication:

𝒙𝒚 = 7
𝒌%𝒏𝟎"𝒎𝟎

7
𝒊"𝒋-𝒌

𝒂𝒊𝒃𝒋 𝒑𝒌

• Example: Fix 𝑝 = 5, 𝑥 = 1 + 3×5, 𝑦 = 2 + 1×5
𝑥 + 𝑦 = 1 + 2 + 3 + 1 ×5 = 3 + 4×5



p-adic absolute value

Defn: Fix a prime number 𝑝. Given a p-adic number 𝑥 = 𝑎!!𝑝
!! + 𝑎!!"#𝑝

!!"# +⋯,

The p-adic absolute value of 𝒙, denoted 𝑥 $, is

𝑥 $ =
1
𝑝!

where 𝑝! is the first power of 𝑝 that has a non-zero coefficient.

Examples:

• 𝑝 = 5, 𝑥 = 2𝑝 + 4𝑝% + 4𝑝&, then 𝑥 ' =
#
$
.

• 𝑝 = 5, 𝑥 = 1 + 3𝑝 + 3𝑝., then 𝑥 / =
0
1) .



p-derivations

p-derivations

Fix a prime number 𝑝.

Let 𝑅 be a ring where 𝑝 = 1 +⋯+ 1 is not a 
zero-divisor. 

A function 𝛿: 𝑅 → 𝑅 is a p-derivation if 

• 𝛿 1 = 0

• 𝛿 𝑎𝑏 = 𝛿 𝑎 𝑏% + 𝑎%𝛿 𝑏 + 𝑝𝛿 𝑎 𝛿 𝑏

• 𝛿 𝑎 + 𝑏 = 𝛿 𝑎 + 𝛿 𝑏 + &"'("! &'( "

%

Derivatives of polynomials

Recall that derivatives of polynomials also have a 
similar set of rules:

• )
)*

1 = 0

• )
)*

𝑓 𝑥 𝑔 𝑥 = 𝑔 𝑥 )
)*

𝑓 𝑥 + 𝑓 𝑥 )
)*
(𝑔 𝑥 )

• )
)*

𝑓 𝑥 + 𝑔(𝑥) = )
)*

𝑓(𝑥) + )
)*

𝑔 𝑥



p-derivations

p-derivations

• Following the rules, we find the unique p-
derivation over the integers is the function
delta 𝛿: ℤ → ℤ given by

𝛿 𝑛 =
𝑛 − 𝑛*

𝑝
• If the highest power of 𝑝 that divides 𝑛 is 

greater than 0 , taking the p-derivation of 
𝑛 will decrease that higher power of 𝑝 that 
divides 𝑛 by 1.

• Example:

Fix 𝑝 = 2, 𝛿 6 = +,-+
'

= −15

Derivatives of polynomials

• If the degree of a polynomial is not zero, 
taking the derivative of that polynomial will 
decrease the degree by one.



Thank You :)


