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Abstract. The Euler-Cauchy differential equation and difference equation are well
known. Here we study a more general Euler-Cauchy dynamic equation. For this more
general equation when we have complex roots of the corresponding characteristic
equation we for the first time write solutions of this dynamic equation in terms of
a generalized exponential function and generalized sine and cosine functions. This
result is even new in the difference equation case. We then spend most of our time
studying the oscillation properties of the Euler-Cauchy dynamic equation. Several
oscillation results are given and an open problem is posed.

1. Introduction. In this paper we will assume that the reader is familiar with
the elementary concepts and notation used in the calculus on time scales (see, for
example, Bohner and Peterson [2]). We are concerned with the so-called Euler—
Cauchy dynamic equation

o(t)tz™® + atz® 4 bx = 0, (1)

on a time scale T (closed subset of the reals R), where we assume ¢o = inf T > 0.
We will assume throughout the regressivity condition

o(1)t — atp(t) + b2(t) £ 0 (2)
for t € T*. The equation
M 4ad+b=0 (3)

is called the characteristic equation of the Euler-Cauchy dynamic equation (1) and
the roots of (3) are called the characteristic roots of (1). We now give an alternate
shorter proof of Theorems 3.63 and 3.66 in [2]. (Our proof combines the proofs of
these two theorems in a novel way.)

Theorem 1. Assume A1, Ao are solutions of the chacteristic equation (3). If \1 #
Ao, then

x(t) = crex (t,t0) + caexrs (¢, to)

t t

is a general solution of (1). If Ay = Aa, then

21
t

t
1
t) = crea, (£t tt — A
() = crey (10) v () | s

is a general solution of (1).
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Proof. Note if we let D denote the Delta—derivative operator with respect to ¢, then
the Euler-Cauchy dynamic equation (1) can be written in the factored form
(tD — Xo)(tD — A\1)x = 0. (4)

This factorization was noted by Akin—Bohner and Bohner ([1] and [3], Chapter 2)
when they discovered how to define the n-th order Euler-Cauchy dynamic equation.
Assume that z is a solution of the dynamic equation (4) and let

y=(tD — A1)z, (5)
then by (4), y is a solution of
(tD - /\Q)y = 0,
which is equivalent to the dynamic equation
A
yt =Ty, (6)

The regressivity condition (2) ensures that %, % € R, where R is the regressive
group [2], page 58. Hence the dynamic equation (6) is regressive and so we get

y(t) = C2€2 (t,t0)-
It follows from (5) that x satisfies the dynamic equation
(tD - )\1)56 = Cgeg(t, to),

or equivalently

A 1
(D — %)x_%m (t,to). (7)
Using the variation of constants formula [2], page 77, we get that

x(t) = CleTl(t,tO)+C2 /t Tl(t o(s)) (§e¥(s,t0)> As

to

t
1
= crex (t, t0)+c2671(t,t0)/ —eil(to,a(s)) 2o (8,t0)As

to S

t
1
— s (tt0) + caesy (tt0) [ Seqn (o(s)to)ess (5. ta)As

3 to

t
1
= t,t t,t _— t to)As
crex (b to) +czen 0)/t0 ST aup(s) Cod (Bto)ex (s to)
k 1
= CleTl(t t0)+62671(t,t0) /to m@?e/\%(s,to)AS

First note that if \; = A3, then we get the desired result that
t
1
t) = t.t t.t —— As.
o) = vz (1ta) - aesy (10 [ oy

Next assume that A; # Ag, then using the formula

/t;e (s,t0)As = 1 [ (tt)—l}
to 8+ A1p(s) R YW Crzg2 il o

we are led to the final result. O




Next we would like to show that if our characteristic roots are complex, then
there is a nice form for all real-valued solutions of the Euler-Cauchy dynamic equa-
tion in terms of the generalized exponential and trigonometric functions. Even in
the difference equations case the complex roots are not considered (see Kelley and
Peterson [7]).

Theorem 2. Assume that the characteristic roots of (1) are complex, that is 12 =

a xif3, where 3 >0, and ¢, % € R. Then

I(t) = Cleg(t,to) [¢0)] B (t,to) + co€a (t,to) sin B (t,to)
t TFau(t) t t)

t+ap(

is a general solution of the Euler—Cauchy dynamic equation (1).

Proof. Assume A1 o = o x4, where 3 > 0, are the characteristic roots. Then by
Theorem 1,

e%w(f,to), €a+w (t7t0)

are solutions of (1). We want to find 3 so that

a B o B
?—H?_t@zt' (8)
Solving this equation we get
Z=—L )
t t+aut)
Hence if /3 is defined by (9), then (8) holds. Similarly
a B « NG
It follows that
1 1
zi(t) = 5 Catis (t,to) + 5%%1"’(15%0)
_ 5 (T, T L 5. (0,
- §€%®i%(7 0)—|—§6%®(_¥)(, 0)
€8 (t,to) + € ;8 (t,to)
= e% (tﬂfo) £ ) L

= ea(t,tg)cosg (t,to)
t
 (t,tg)cos_s__(t,to)

t+opu(t)

Il
@
=2

is a solution. Similarly

xg(t) = 6%(t,t0) sin_ s (t,to)

t+ap(t)

is a solution. Since x1,z2 are linearly independent solutions on T we get the desired
result. o

2. Oscillation Results. In this section we will be concerned with the oscillation
of the Euler-Cauchy dynamic equation (1). We assume throughout this section
that T is now unbounded above. We now show if the characteristic roots of (1) are
complex how a general solution can be written in terms of the classical exponential
function and classical trigonometric functions.
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Lemma 1. If the characteristic roots are complex, that is A\ 2 = o £ i3, where
B >0, then

x(t) = A(t) (c1 cos B(t) + cosin B(t)) ,
where

A(t) = el e (552)Aar - gy — / ‘s (gw) (a tiﬂ )) Ar (10)

to

is a general solution of the Euler—Cauchy dynamic equation (1). If, in addition,
every point in T is isolated, then fort € T,

ﬁ — (7 + (7)) + B2p(t)) %Arctan( uir) )

T= t() T= t() + O[‘LL( )

Proof. Note that (see page 59, Bohner and Peterson [2]) the generalized exponential

I e (52
= ej R(€uer) (SF2))+iS(€uir (252 ) ) A7

A(t)ezB(t)
= A(t) (cos B(t) + isin B(t)).

e# (ta to)

It follows that the imaginary part and real part
x1(t) := A(t)cos B(t), m2(t) := A(t)sin B(t)

are solutions of (1). Since they can be shown to be linearly independent on T the
result follows.
Now assume that every point in T is isolated, then

Eu(r) (a i Zﬂ)

_ ﬁLog (1+u(7)0‘tw)
_ u(lT) log | 71 2#(7) HBMT(T) N ,LL(ZT)A g (T+iu(7) _HﬂMT(T))
= M(lT) log <%\/(T + ap(r))? + B2u2 (r)) + mArctan <Tf“T(;zT)> .
Hence
(600 (E2)) = e (Vo FamE s Em)
and

(o (252) - phywen () oo



It follows from (10) and (11) that

A(t) = elio 7t lor(FVIrFaulD +5%2 () Ar

_ X0, toa( 2/ rran(m)P A ()

p(t)

I1 (3V&Tammr+ e ).

T=to

It follows from (10) and (12) that

! Bu(r)
B(t) = / ——Arctan <7) AT
©W =}, um e
p(t)
= Z Arctan ( ) )
= + ap(r)
which is the desired result. O

Definition 1. If the characteristic roots of (1) are complex, then we say the Euler—
Cauchy dynamic equation (1) is oscillatory iff B(t) is unbounded.

As a well-known example note that if T is the real interval [1, 00) and the Euler—
Cauchy equation has complex roots, then the Euler—Cauchy equation is oscillatory.
This follows from what we said here because in this case by (10)

‘1
:,8/ —dr = Plogt
1 T

which is unbounded. If T = ¢"°, where ¢ > 1, then by Lemma 1

= + ap(r)
p(t)
_ Bla—1)
= 7glArctcm (1 Falg— 1))

- (7=71) e ()

which is unbounded and hence the Euler-Cauchy dynamic equation on T = ¢Mo is
oscillatory when the characteristuc roots are complex. If T = N, then

t—1 ﬁ
B t) = ;Arct(m (m) y

which can be shown to be unbounded and hence the Euler—Cauchy dynamic equa-
tion on T = N is oscillatory when the characteristuc roots are complex. These last
two examples where shown in Bohner and Saker [4], Erbe, Peterson, and Saker [6],
and Erbe and Peterson [5], but here we established these results directly.

Theorem 3 (Comparison Theorem). Let Ty := {to,¢1,- -} and T2 := {so,s1, - },
where {t,} and {s,} are strictly increasing sequences of positive numbers with limit
oo. If the Euler—Cauchy equation (1) on Ty is oscillatory and —a < (S ) < #(t E

for n >0, then the Euler—Cauchy equation (1) on Ta is oscillatory.
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Proof. Since —2~ < tn _ for n > 0, we have that
H(Sn) H(tn)

for n > 0, and therefore (using —a < 225)

Sn 4 1(sn)a It p(tn)a
11(sn) N (tn)
for n > 0. Taking reciprocals and multiplying by 3 we obtain

Pulsn) o Pulta)
S A p(sn)a Tty 4 p(tn)o

0<

This implies that

Arctan <%> > Arctan <%>

for n > 0. This implies that

By(s) = Ba(sp) := nilArctan (M)

5% + au(se)
> B1(t) = Bi(t,) := ”i Arctan (M) .

Since we are assuming that the Euler—Cauchy equation (1) is oscillatory on T we get
that lim,,_,~ B1(s,) = oo and therefore from the above inequality lim,, o, Ba(t,) =
00, which implies that the Euler—Cauchy equation (1) is oscillatory on Ts. O

Theorem 4. Assume every point in the time scale T is isolated and lim;_, o ﬁ

exrists as a finite number, then the Euler—Cauchy equation in the complex charac-
teristic roots case is oscillatory on T.

Proof. In this case

lim B(t) = i Arctan (ﬁﬂ)

t—00 = + u(n)a
= Z Arctan ( — p )
fr wm T

It follows that B(t) is unbounded and hence the Euler-Cauchy equation in the
complex characteristic roots case is oscillatory on T O

Theorem 4 does not cover the case when T is a time scale where lim;_, o ﬁ = o0.

The next theorem considers a time scale where lim;_, ﬁ = 00.

Theorem 5. Let p > 0 and let T, := {tn : to = L, tpp1 = tn + tip,n € No}. In
the complex characteristic roots case, the Euler—Cauchy dynamic equation (1) is
oscillatory on T,.
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Proof. If p =0, then T = N and the result was proved earlier in this paper. Assume
p > 0. Since

1
thil = tn +t”’ (13)

for n € Ny, the sequence {t,} is strictly increasing. Assume lim,,_, t,, = L, where
L is a positive constant. Then from (13) we get

1
L=L+ s
and this implies that 0 = LP’ which is a contradiction, which proves that the

sequence {t,} is unbounded above. Now for k¥ € Ny pick Ny so that ¢y, is the
smallest element in T that is in the real interval [k, k + 1). Then for N < j <
Ngy1 — 1,

k<y; <k-+1.
Note that Ni41 — Nj is the number of elements of T in the real interval [k, k 4 1).
Since
1 1 1
< —
k+1 1 ~—k
and since yj41 = y; + yip we have that
J
R R
(k+1p M= =g
Therefore
kP < Nigp1 — N < (B +1)P.
Consider

Bu())

ti + n(t;)

B
Z rcan(f+l+a>

To prove that (1) is oscillatory it sufﬁces to show that

> 1

E Arctan <—1> =0
4 T

7=0 J

B(t) = B(tn,) = Z Arctan (

To show this note that

= 1
Z Arctan (—1>
; T
Jj=0 J

[ 1 1
= +1 3(p+1)

§=0 t:; 3tj(p
S AR,
= s 1

— S\ sy
= kP (k+1)
= ;0 ((k:+ 1)+t 3k3(p+1))

= OQ.
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One might think that one could use the argument in the proof of Theorem 5 to show

that if there is an increasing unbounded sequence of points {¢;} in T with u(t;) = ;1;;,
J

then the Euler—Cauchy equation (1) is oscillatory on T in the complex characteristic
roots case. The following example shows that the same type of argument does not
work.

Example 1. Assume that the Euler—Cauchy dynamic equation (1) has complex
characteristic roots a £ i3, 3> 0 and T := U, [(n — 1)% + 1,n?]. To see if (1) is
oscillatory or not in this case we have by (10)

o 2o (222)
[eS) n2+1 .

- Z/z %(gu(7)<atlﬂ)>AT
n=1v"

> r(nt1)’ o+
+ S j/ %(gu(7)< = 5)>dT. (14)
n2+1

n=1

Consider the first term on the right hand side of equation (14). This is the term we
get by looking at the right scattered points in T. Note that for ng sufficiently large

o0 n2+1 .
X[ o (555))e
n=1v"

A
]
2
3
S

Hence unlike in the proof of Theorem 5 we do not get that this term corresponding
to the right-scattered points is infinite. But now consider the second term on the



right hand side of equation (14)
[e'S) (n4+1)2 a+25
Lo (o0 (557)) e
n=1 n?+1 T
[eS) n+1)2? .
_Z/(+)S<a+zﬂ)d
ne1 n2+41 T
00 (n4+1)2
[ e
n—1 n2+1 T
i (n+ 1)
— n2+1
B (n+1)?

—510g2—|—ﬂ210g (1+ 2n )

2
n=2 +1
> 2n 2n?
2510g2+ﬂ2(n2+1 o (n2—|—1)2>
n=2

= 0.
Hence we get that our equation is oscillatory.

Conjecture 1. If the time scale T is an unbounded subset of the real interval
(0,00) and the Euler—Cauchy equation (1) has complex characteristic roots, then
(1) is oscillatory on T.

Research supported by NSF REU Grant 0139499 and NSF Grant 0072505.

REFERENCES

(1] E. Akin-Bohner and M. Bohner, Miscellaneous dynamic equations, preprint.

[2] M. Bohner and A. Peterson, “Dynamic Equations on Time Scales,” Birkhauser, 2001.

(3] M. Bohner and A. Peterson, “Advanced Dynamic Equations on Time Scales,” Birkhauser.

[4] M. Bohner and S. H. Saker, Oscillation of second order nonlinear dynamic equations on time
scales, (preprint).

[5] L. Erbe and A. Peterson, “Boundedness and Oscillation for Nonlinear Dynamic Equations on
a time scale,” Dynamic Systems and Applications, (preprint).

[6] L. Erbe, A. Peterson, and S. H. Saker, Oscillation Criteria for second—order nonlinear dynamic
equations on time scales, Journal of the London Math. Society, (to appear).

[7] W. Kelley and A. Peterson, “Difference Equations: An Introduction with Applications,”
Second Edition, Academic Press, San Diego, 2001.



