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Abstract

In this paper we will investigate the Henstock—Kurzweil A-integral on
unbounded time scale intervals. First we will define a time scale and give
a brief overview of time scale calculus. Then we will give theorems re-
lating to integrability, followed by examples of functions on various time
scales with specific focus on the time scale ¢™°. We will prove every im-
proper A-integrable function is H K A-integrable and that the Monotone
and Dominated Convergence Theorems hold for H K A-integrable func-
tions on unbounded time scale intervals.
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1 Introduction

For a good book on the Henstock—Kurzweil integral see Peng—Yee [7]. Peter-
son and Thompson [8] defined and studied the Henstock—Kurzweil A-integral
on bounded time scale intervals. In this paper, we shall study the Henstock—
Kurzweil A-integral (H K A-integral) on unbounded time scales. This HKA-
integral which generalizes the improper A-integral (improper Riemann A-integral),
is useful in the study of dynamic equations. In [8] it is shown that there are
highly oscillatory functions that are not A-integrable on a time scale, but are

1This research was supported by NSF Grant No. 0354008.
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Henstock—Kurzweil A-integral. We begin with an overview of time scales and
proceed to define the H K A-integral on unbounded intervals. We then establish
properties and offer theorems pertaining to the integral. We first give some
basic definitions (for an introduction to the time scale calculus see the books
1], [2], and [3]).

A time scale T is a nonempty closed subset of R equipped with the topology
inherited from the standard topology on R. The forward jump operator o(t) of
t € T is defined by

o(t) =inf{s >t:s€ T}

where inf ) = sup{T} and the backward jump operator p(t) of t € T is defined
by
p(t) =sup{s<t:seT}

where sup () = inf{T}. The (forward) graininess function p(t) of ¢ € T is defined
by
ult) = olt) — t

the backward graininess function v(t) of t € T is defined by

v(t) =t — p(t).

A point ¢ € T is right-scattered if o(t) > t. Likewise, a point ¢t € T is left-
scattered if t > p(t). A point t € T is right-dense if o(t) =t and ¢ < sup{T}.
Likewise, a point ¢ € T is left-dense if p(t) =t and ¢ > inf{T}. For some simple
examples of these concepts (for many more examples see [1]) note that T := R
is a time scale with o(t) = p(t) = t and u(t) = v(t) = 0 for all t € T. In this
case, t is right-dense for all t € T. T := Z is a time scale with o(t) = t + 1,
p(t) =t —1,and pu(t) = v(t) =1 for all t € T. In this case, ¢ is right- scattered

= {n? : n € N} is a time scale with, for p € N,

forallt € T. T := NP :

1-2 i 1—4 1—4
o(t) = f o(p-)t vop(t) = X1 (), pu(t) = 5, ()P, and
v(t) = -1y (f) t'=% for all t € T. In this case, ¢ is right-scattered for all
teT. T —q :={q" : n € N,q > 1} is a time scale with o(t) = ¢t, p(t) = %,

w(t) = (¢g—1)t,and v(t) = (1— %)t for allt € T. In this case, t is right-scattered

forallt € T. T : 1Z+ = {2 :n € Z"} is a time scale for m > 0 with
ot) =t+ L, p(t ) T L and p(t) = v(t) = L for all t € T. In this case,
t is right-scattered for all t € T. T := Py ; := U,_[2k, 2k + 1] is a time scale
with o(t) =t for t € [2k,2k+ 1) and o(t) =t + 1 for t = 2k + 1; p(t) = ¢ for
t € (2k,2k + 1] and p(t) =t — 1 for t = 2k; p(t) = 0 for t € [2k,2k + 1) and
u(t) =1fort =2k+1; and v(t) =0 for t € (2k,2k+ 1] and v(t) =1 for ¢t = 2k.

Throughout this paper, we use the notation [a, bt to denote a time scale
interval where [a, b]t := T ([a, b], where a,b € T. A time scale T is said to be
isolated if t is right-scattered and left-scattered for all ¢t € T, where t # sup{T}
and t # inf{T}. A function f : T — R is called rd-continuous provided it
is continuous at all right-dense ¢ € T and its left-sided limits exist (finite) at
left-dense points in T.
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Remark 1.1. Any function defined on an isolated time scale is rd-continuous.
(This is vacuously true because T has no right-dense or left-dense elements in
this case.) If T =R, then f: R — R is rd-continuous iff it is continuous.

Let T® := T — m if T has a left-scattered maximum m and let T® := T if T
has no right-scattered maximum.

Definition 1.1. Assume f: T — R and fix t € T*, then we define f2(t) to be
the number (provided it exists) with the property that given any ¢ > 0, there
is a neighborhood U of ¢ such that

|(f(a(t)) = f(s) = F2t)(o(t) = 5)| < elo(t) — ]
for all s € U. We call f2(t) the A-derivative of f at t.

Remark 1.2. If f is continuous at ¢, it can be shown for right-scattered t € T

and for right-dense t € T
A _f(t) = f(s)
t) = lim =¥————=.
FE(8) = lim —=——

Definition 1.2. A function F': T — R is called an antiderivative of f : T — R
provided

holds for all t € T*.

It is known ([1, Section 1.4]) that if f : T — R is rd-continuous, then f has
an antiderivative F' and

b
/ f(s)As = F(b) — F(a).

2 Integrability and Power Functions

In this section, we will discuss the concepts of integrability and power functions
on time scales. We will give examples and properties of both, thereby forming
a basis for the material discussed later in the paper.

Let a € T, and assume [ is rd-continuous on [a, c0)r, then the improper
A-integral, denoted by f;o f(t)At, is defined in the normal way by

/:o F(H)At = lim /abf(t)At

b—oo
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provided this limit exists. For an isolated time scale T = {to, t1,t2, - - - } which
is unbounded above the improper integral exists provided

[ 0n= Y sttt — 1)
to k=0

converges [2].

Definition 2.1. A power function t’) on a time scale is a function f satisfying
the power rule (tP))2 = ptlP=1 with ¢ = 1.

Example 1: A power function for T = R is t/?! = t*. This is simply because
t0) =10 = 1 and

d
tPhA — 2 4y — pp—1 — 1]
()2 = S () = pirt =
for values of ¢t and p such that the above is defined.
Example 2: A power function for T = Z (see [4]) is given by P = %,

where T'(¢) is the gamma function, for those values of ¢ € Z and p for which the
right hand side of this last equation is defined.
We next define some power functions on ¢

Definition 2.2. Let Q(q) := 1 and assume Q,(q) # 0 is arbitrary for o €
(Oa 1>We define QnJra (Q) by

1)
Qo) = Q) e - (2.1)
k=1

forne Nand a € [0,1). For a € (—1,0), n € Ny let

Fa+1)(¢g—1)"

Qa-n(q) = - Qalg 2.2
@ T(a—n+1) [T 2@ —1) @ 22)
and finally let Q_1(q) # 0 be arbitrary
nl(g—1)"g™

Q-n-1(q) := Q-1(a): (2.3)

HZ:I(qk -1)
for n € N.

It is straight forward to prove the following two lems and so the proofs are
omitted.

Lemma 2.1. For each o € [0, 1) the recursion relation

anraJrl _ 1

(n+a+1)(g—1)

Qn+a+1(Q) = QnJra (Q) (24)
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holds for n € Ng. For o € (—1,0) the recursion relation

(@a—n)lg—1)

Qafnfl(Q) = o — 1

Qa-n(q)

holds for n € N. Finally the recursion relation

ng"(q—1)

anfl(Q) = q" — 1

Q-n (Q)

holds for n € N.

Lemma 2.2. Forn € Ny

1 & q"—1
Qn(Q)—EIE q—1

an(Q)-

81

(2.8)

(2.9)

and forn € N
qn(nfl)
Q-nlq) = 7——7<Q-1(q)
( ) anl(q) 1( )
Furthermore Q_y(q) satisfies the recurtion relation
anl(q) _n(q _ 1)
Q—(n Q) =q"—+~F7+0Q-nlQ) = ——
N
Theorem 2.3. Power functions on T = ¢" are given by
po_
Qp(q)
Proof. We will just prove this result for p > 0 as the other cases are similar.
First note that t° = 1 so (tMA = ﬁ =1 = tl% Now asume p > 0. Then
p =n + « for some n € Ny and « € [0,1). Consider
(tPha (tintel)a e\
v ()
Qn+alq)
(o)™ gnte
Qntal(q) Qnta(q)

p(t)
(qt)nJra _ thra
QnJra(Q)(q - 1)t

(anra _ 1)tn+a71

(q - 1)Qn+a (Q)

thrafl

Quta-1(a)’

= (n+a) by
— pt[infl]_

Hence the result holds for n > 0.
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We will use the following example in Section 3.
Example 3: Let T = ¢". Then

where p > 1 and ¢ > 1.

Proof. First we consider

r

From (2.6),

implying

/°° At ¢" g -1
1

tr gl —1

% _ /1°°t[p1Qp(q)N
= Qe [
t11-7] >
= @l )
tlfp
- pr(Q)(l_p)Ql,p(q) .
Q-p(q)
(p—1)Q1-p(q)
Q-pla) _ (P=1)¢""Hg—1)
Qlfp(q) gP-1 -1

3 The HK A-Integral

S. Avsec et al

In this section we will introduce the Henstock—Kurzweil A-integral as defined
on unbounded time scales. After defining this integral, we will compare it to the
improper A-integral and provide examples and proofs. A simple result known
as Henstock’s Lemma will be used in this section as well as the following.

Definition 3.1. A partition P on [a,b]r is defined as P = {t; € T;i =0,--- ,n}

where {a = tp < & <

t1 <& <ty < -

<t, = b}, and t;_1 < t; for

i =1,---,n. We denote Pl as the set of all partitions on [a, b]y. We call
each t; an endpoint and each ; a tag-point. It is necessary that & € T for

i=1,--,n.
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Definition 3.2. We say that §(t) = (0r(t),dr(t)) is a A-gauge for [a, cq]r,
where we will define [a, co]t := [a, 00)1 [ J{o0}, provided
dp(t) >0, te(a,00]r
dr(t) >0, te€]la,00)r
dr(a) =0
5n(t) > p(t), t € [a,50)n
b1 (c0) = B.

where B € R*. Since for a A-gauge, §, we always assume &y (a) > 0, we will
sometimes not even point this out.

Definition 3.3. If § is a A-gauge on [a,o0]r, then P € Pl o is a 6-fine
partition provided

[§i —01(&i), & +0r(&)] D [ti—1,t4]

fori=1,...,nand t, > B.

Note that if T is an isolated time scale, then if we choose our A-gauge to be

Sr(t) = pu(t)
or(t) = %V(t),t < o0

5L(OO):B>O

where B is dependent on the function and the time scale, then we force any 6-
fine partition to follow certain rules. Assume &; # to. Because the first endpoint
in our partition must be to and 6. (&) = $v(&1), we get [&—0L (&), &i+0r(&)] 7
[ti—1,;], a contradiction. So, we must set our first tag-point &; = tg9. From there
on, the farthest away that any tag-point &; can be from &;_1 is p(&—1), which
means that each successive tag-point has to occur at the next endpoint, starting
with & = tg. This choice of a A-gauge assures that for any J-fine partition P,
P= [to,tn]'ﬂ‘, with 51 = ti,1 for ¢ = 1, NI

Definition 3.4. We say f : [a,00]r — R is Henstock—Kurzweil A-integrable
on [a,o00)r provided there is a number I such that given € > 0 there exists a
A-gauge, ¢, of [a, co|r such that

n

=Y f(&)(t —tim1)

=1

<e€

for every d-fine partition of [a, co]t, and we write

I=HK /Oo Ft)AL.
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The following are demonstrations of how to prove H K A-integrability.
Example 4: Let T = ¢". Then

qplq—l)
HK/ S

where p > 1 and ¢ > 1.

Proof. Given I > ¢ > 0, we consider

I=> " f(&)(ti —ti) (3.1)
where
f&) = gip (3.2)
and
¢ g1
ST

(Note that I > 0 because p > 1 and ¢ > 1). First we define our A-gauge to be

Observe that

n

1 1 1
Zj(tp 1 —F) :I(F_F)'

i=1
Since tg = 1 in this example, we get

n

11 =) =i - )

i=1 i
which we rewrite as

n

3 1(g - ) (33)

=1

Substituting (3.2) and (3.3) into (3.1), we get
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I ~ 1 1 1
ﬁ+21(ﬁj—ﬁj) - Zg—P(ti—ti,l) (3.4)
n i=1 i—1 % i=1 >?
I - 1 1 1
= — + [I(—,——,) i —t }
g o U ) mgt ey
I "~ 1 1 1
< o[+ I(t;_o—fl_t;_o—fl)__;_v(ti_tifl)
i=1 1—1 7 T
" 1 ti —tiq
= +Z I( -1 1 | 1
i=1 | tffl tp pr(tp T F)

Now by the definition of our A-gauge we have forced that ¢; = q' and
&=t = ¢~ !. We substitute these values into the right part of our summand
to get

i_ i1 P—1l(g —1 I
1-—24 -7 _’1—L‘f)’_’1——’_|1—1|_0.
Iqlp(qu—l)(pfl) - qi<p—1)) I(gr=t = 1) 1
So our whole summand becomes 0, leaving us with (3.4)
Pick n > N where
I
ty > ()7 T
N> (2)
i.e.,
_ logy ()
(-1
Then we have
Z f&)ti —tior)| <e
=1
O
Example 5: For T = %Z*,
2b+1( )

2b+1 o0

= +Z (]QbH ><7TL2”1J -4 @)

+b+1 2mm m

where b € N. The proof that the above series converges to the given value is
left as an exercise in elementary complex analysis.
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Proof. If we let our A-gauge be defined as

dp(t) = %I/(t), t < oo

N
4] = —
1(00) = —
where N is defined later in the example. By the definition of our A-gauge,
ti = % and 51 = ti,1 = # Note that ti - ti,1 = % - # = % So given
e > 0, we consider
n n e 2b+1( 4
sin®’TH (L) 1
I=Y f&)ti—tis)| = |[I-> %(E)
i=1 i=1 m
) . 9p41/ i n 2b+1
_ Zszn (L) _Zszn + (1)|
7 7
i=1 1=1
0 S,Ln2b+1( i ) |
i=n-+1 ¢

By the definition of convergent series, there is an N: for all n > N,

(o 2b41 (i
sin? (=)

p <e.
7

i=n-+1
O

Note that if we informally take the limit of both sides of (3.5) as m — oo we
get the known result

/°° sin?*t (z) do — (20)!
i =

x 926112 "
for b € N.
Theorem 3.1. If T s an isolated time scale which is unbounded above and

f: T — R is improper A-integrable on [tg, 00)T, then f is HK A-integrable on
[to, 00)T with

HE /too F(t)At = /too FO)At =T

Proof. Let T = {to,t1,t2, ...}, where t;—1 < t;, © € N. We define our A-gauge,
6 =(dr,9r), by
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dp(t) = %I/(t), t < oo

0r(c0) =tn.

where N will be chosen later. Then if P is a d-fine partition of [tg, oo]r we must
have t; = O'(tl',l), 51 =11, for i = 1,2,3,---,n, and t, > ty. Let

k—1

F(t) = F(t) = 3 f(t:)ults),

1=

then F2(t) = f(t) for every ¢t € T. Let C := I + F(to), where I := [ f(t)AL,
then

n

I=C—=F(ty)+ Y _[F(t;) — F(ti-1)].
Now given ¢ > 0, we consider
I=3 JE)ti—ti)| = |C = F(ta)+ D _[F(t:) = Flti)] = 3 f(&)(ts — tim1)
= |C—F(tn) + Z [F(ti) = F(ti-1) = f(&)(t: — tiz1)]
< |C = F(tn)|+ Y |F(ti) = Ftioa) = f(&)(t: — tia)] -
But
- F(t;) — F(ti—y)
Z |[F(ti) = Fti1) = f(&) (i —tiza)] = [ti — tia] BT f(&)
_ | Flo(tion)) = F(tiza)
- ,u(tlfl) /L(tifl) f(tlfl)
= pltioa) [F2(tio1) = f(tio)]
= p(ti—1) [f(tic1) = f(ti-1)| = 0.
Hence
I— Zf(&)(ti —ti1)| S|C = F(tn)| = [ + F(to) = F(tn)| = [I = (F(tn) — F(to))] -
Using

/ ) J(t)At = F(t,) — F(to), /Oo fOALt =T
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we have

:o FH)AL— /t t f(t)At’

t

h f(t)At’ .

Because f is improper A-integrable on [tg, c0)T, we are assured that there is a
positive integer N such that
o0
/ fOAt < e
tn

for all n > N. Therefore f is HK A-integrable on [to, co)r with
HK/ f)At = / f)At
to to

Example 6: We show that if T = NP, p € N, and m > 1, then

HK/loo % _jzi:l (?)C(j-l— (m —1)p),

where ((t) is the Riemann zeta function.

Proof. Since NP is isolated with sup NP = oo, it suffices by Theorem 3.1 to show
that the improper A-integral

[ A= (et

PR

Let ¢t = kP, k € N and consider

< At = Z(k+1)P -k X1 i
= _ - = Pyl—1
[ = e e zkmpz()m
k=1 =1 k=1 j=1
LN LIS
- Z (J) 2 k”(m Lp Z (J)C )
Jj=1 k=1 J=1
(since j + (m — 1)p > 1, we know ( is defined. O

Example 7: If T = N2 it can be shown, similar to the previous example, that

1+\/' 2
HK/ U ar=2me)+ T
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Example 8: If T = ¢ and p > 1, we can also show

K/OOA—Z = (¢ —1)¢(p).

tlog, t

Lemma 3.2 (Henstock’s Lemma). Let HK f: f@®)At =1, and let 6 be a
A-gauge such that for a fized € > 0, for any d-fine partition P € Plqp):

n

I=Y " f&)(ti —tiz1)

=1

<e.

Then for any subset of tagged intervals, £, of P.

<e.

> (a5 [ swai- o0 -w)

Proof. Let 0 be a A-gauge such that for any d-fine partition P,

n

I=Y f(&)(t —tim)

=1

<e.

_Z(mc / FOAL— ()t — ti 1>>

For any &€ C P, let ®(€) = Yo (HK [ f(t)At — f(§)(v —u)). Given some
ECP, PE)=P(P)—P(P\E). Let n be the number of tagged intervals in
P\ €. Then for each tagged interval ([u,v], &) € P\ &, there exists a refinement
&% of & such that for any §'~fine partition P of [u,v], |®(P))| < =. If we let
P =EUPUP?U...UP" then,

n 5‘/
2(E) < |O(P)| +|@(P'\E)|<e+) —=c+e.
iz "
This is true for any arbitrary ¢’ > 0. Hence, we may conclude that |®(€)| < e

as desired.
O

Lemma 3.3. Asin [2, Lemma 5.7] we denote by P~(a,b) the set of all partitions
of [a,b] such that each partition P € Py(a,b) given by {a =1ty <t1 < ..<t, =
b} has the property that for v >0 and i =1, ...,n either

ti—ti1 <7

or
t; —ti—1 > and p(tl) =t;_1.

Theorem 3.4. Let f be Riemann A-integrable on any finite interval [a, bl for
a <b<oo,beT, and let f;o f)At = I. Then f is HKA-integrable on
[a,00)r and HK [° f(t)At =1
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Proof. This proof is formatted after a proof of a similar fact on a finite interval
with a singularity at one endpoint in [5, Theorem 4] and will use Henstock’s
Lemma. Fix ¢ > 0. Let {c:n}55_, be a strictly increasing sequence of numbers
in T with ¢y = a and
lim ¢, = .
m— 00

Since f is Riemann A-integrable on [a, ¢3], there exists a number 7 such that
0 <y <min{c; —cp,c2 — 1} and

&
<52

/ " H0AL =3 fE) 1)

for any partition P € P, (co,c2). For m = 2,3,4, ... let v, satisfy 0 < v, <
Cm+1 — Cms Ym < Ym—1, and

e
2m+1

<

/ T A Y € - )

m—

for any partition P € P, (¢m—2,Cm+1). Now define a A-gauge, 6 = (dr,0r),
on [a, co]r by

20

Sr(t) = Iz t € [em-1,Cm), t right-dense
= (1), t right-scattered

=

and

I te m—1s~m
5L(t)_{A2a t:[oco 10)

where A is defined such that for any A; > A and As > A,

Az

F()AL

_€
Ay 4

and for any ¢ > A,
’1_/ f(t)At’ < i.

Let P be a d-fine partition of [a, co]r. For m = 1,2,3, ... let N,, be the set of
integers 4 for which &; € [¢m—1, ¢m) and 2 < ¢ < n, and then consider two cases.
In the first case, assume t; — t,_1 < 7¥,,. Then m > 1 and ¢ € N,,, implies

tic12ti1—t+& 2> —Ym +&6 > —Vm +Cm-1 > Cm_2.
Hence if m > 2, i € N,,,, and we set 79 = ¢1 — ¢, then
Cm—2 <tio1 <t <t —ti 1+ & < vm + & < Cmg;

while if 2 € Ny, then
co <t <ty <ca.



Henstock—Kurzweil Delta Integral 91

In the second case consider t; — t;—1 > . Again consider m > 1, i € N,
and 2 < ¢ < n. By the definition (Definition 3.3) of P € P,, (a,b) we must
have that p(t;) = ¢;—1. In this case, assume t; > ¢,,. This implies that since
& € [ti—1,t;], and there are no points between ;1 and t;, then & > ¢, a
contradiction. Hence

t; < Cm41-
Now assume m > 2 and ¢ € N,,. If we set 79 = ¢1 — ¢o and assume also

ti—1 < Cm—2, by similar reasoning as above we reach the contradiction & < ¢;,—1.
Hence

Cm—2 <t <t; < cmer,

and if i € Ny
co <t <ty <o

This allows the use of Henstock’s Lemma in the next portion of the proof,
namely for m > 1

Z (HK/t f(t)At_f(§i>(ti_til)>

1€ N, ‘

€

< SrT

Consider the following difference where the sum is taken over P,

n e A n

I- Zf(&)(ti —tio1)] < 1 + / f(t)At — Zf(fi)(ti —ti1)
< s / HOA =Y S~ ti)
= 24_ Z/t f(t)At—Zf(fi)(ti—tifﬂ
- g + Z (HK /t i )AL — f(&)(t: — til)) | (36)
= %4- ZZ (HK/t f(t)At—f(gi)(ti—ti{$>7'>

i 5?:1 1EN, i—1

< B + 5= €,

where the trivial result that any A-integrable function on a finite interval is
H K A-integrable has been used in (3.6) and Henstock’s Lemma has been applied
in (3.7), completing the proof.

O

Example 9: We show that if T =Py 1 := U2 ,[2k, 2k + 1], then

> At 2
HE = In(2) + ~.
/0 (S A Y
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Proof. By Theorem 3.4 it suffices to show that the improper A-integral

o'} 2
/ At ~In(2) ™
0

To see this we consider

ﬂf@fBQ‘ fiﬁ?HG%W+A

(L et

MNCTE)E

+ﬂ'

k1 (B 1)2>

k1 (B 1)2>

N 2k(2k —1) = 4k?
k=1
1 —3 11
—_— +_ J—
1 2
2kzzlk(k—§) 4;:11@
1
- (2m@)+ -
2
™
= In(2)+ -

4 Convergence Theorems

In this section we offer theorems pertaining to taking limits through the integral

sign of a H K A-integral on an unbounded time scale interval.

Theorem 4.1 (Monotone Convergence Theorem). Let f,, f : [a, bl — o0

and assume
(i) fn is HKA-integrable on [a,c0)t, n € N;
(i6) fo — f in [a, 00)r;

(151) fn < fai1 on[a,00)T, n € N;

(iv) I, = HK [ fu(t)At — 1.
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Then f is HK A-integrable on [a, 00)r and

I=HK /Oo Ft)AL.

Proof. This proof is formatted after a similar proof in [6]. Considering f,, — f1
if necessary, assume f,(t) is nonnegative on [a,c0)r. As in McLeod’s proof, we
wish to find a positive function g on [a, 0o)T together with a A-gauge, §9, such
that for all §9-fine partitions P of [a, b] for any b € (a, co)r,

m

S gle)t —tion) < 1.

=1

Let G be A-differentiable on T such that G2 (t) > 0 for all ¢ € [a, 0o)r satisfying

1
0< G(t) < G(a) + 5, te [CL, OO)'[. (41)
Set g(t) = GA(t), for t € [a, 00)T.

We now define a A-gauge, 89 = (67,0%), on [a, c0)r as follows. If o(t) > t,
then 6%(t) = p(t). If o(t) = t, since G is differentiable at ¢, we can pick
6% (t) > 0, sufficiently small, so that

G(s) —G(t) _ G2(1) _ g(t)

t
— 9
> e =T seht+ o0

It follows from this if o(t) = ¢, then
g)(s — 1) 2AG(5) — G(O)], s € bt +6%4(E). (42)
It t > a is left-dense, we can pick 67 () > 0, sufficiently small, so that

— S A
CO-GE , CU_ 90 e - s

It follows that if p(t) = t, then
gt —s) <2[G(t) = G(s)], s €[t —0L(t),t]r. (4.3)

Finally if ¢ > a and p(t) < ¢, then we define 67 (t) = @
Now let P be a ¢9-fine partition of [a, bt and consider the Riemann sum

Z 9(&)lti — ti—1]. (4.4)

We claim that each term in (4.4) satisfies

g(&)[ti — ti1] <2[G (i) — G(ti—1)]. (4.5)
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There are many cases to consider here. First we consider the case where the tag
point §; is both right-dense and left-dense. In this case, using (4.2) and (4.3)
we get

g()lti —tiza] = g(&)[ti — &)+ 9(&) [ — ti-a]
< 2[G(t) — G(&)] + 2[G(&) — G(ti-1)]
2[G(t;) — G(ti—1)]-

Next consider the case when the tag point &; is both left-scattered and right-
scattered. In this case because of the way we defined 69 we have that

ticr =&, ti=o0(&)=o0(ti—1).
It follows that
9(&)[ti — tica] = G2 (ti1)[ti — tica] = G(t;) — G(ti—1) < 2[G(t;) — G(ti—1)).

The remaining cases are left to the reader. Now using (4.5) we get the desired
result

Zg(&)[ti —ti—1] < ZZ[G(Q) = G(ti-1)] =2[G(b) — G(a)] < 1
by (4.1).

We wish to prove that given ¢ > 0 there exists a A-gauge, ¢, such that for
all §-fine partitions P, and all n € N

Iy, — Z Jn(&)(ts —tio1)| <e.
i=1

This implies that in the limit, on the same partition

I- Z FENt —tis)| <e.

Let 0™ be a A-gauge such that for all §"-fine partitions P

L= fal&)(ti —timn)| < on-
=1

Fix a large integer N such that |I,, — Iny| < § for all n > N. Let n > N.
Let F, be the set of all ¢ € [a,00)r such that |fx(t) — f(t)] < $g(t) for all
k > n where ¢(t) is as we constructed previously. By construction, we can see
that F,_; C F,, and since f, approaches f pointwise, U2 v F,, = [a,00)r. Let
Ey = Fy and E, = F, — F,_; for all n > N. Note that each t € [a,00)T
belongs to exactly one E,. We now define the A-gauge, §, such that

Sr(t) = min{s%(t), 05 (), ..., O3(1)}
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0r.(t) = min{d7 (t), 01,(1), ..., 01 ()}

for t € E,,.

1 (00) = max{d (c0), 61 (00), ..., 5JLV(OO)}

at oo. This defines § on [a, co]r. We must now show that for all d-fine partitions
P

3

m

Ly =Y fal&)(ti = tin)

=1

<e€

for all n. Let P be a d-fine partition of [a,c0]r. Since P is d-fine, it is also
o0"-fine for all n < N. Therefore

L= fal&)(ti = tim)| < 2—n

=1

for n < N. The more difficult case is n > N. Let v, ([u,v]) f fn(t)At. Define
subsets of P as follows: Let P; = {([u,v],£) € P: £ € E;}. Let £ = U4 P;
and F = UL, P;. Note that since P; is §’-fine for all j < i, F is §"-fine but €
is not. Now consider

I—ané.z % 11) < Z( n( ’U—U)"‘Z(
< F
< |3 (vl ) = @@ — )| + o
£

This follows from Henstock’s Lemma.

7
.

> (vl MO@—uD| @MMWD—WG%MD|
&

i
=

IA
3
L
=1

+
1
Y

i
=

@Mmm—ﬁ@w—wﬂ

7
.

(maw—w—ﬁ@w—wﬂ.

i
=

+
]

For the first sum,

n@w—wﬂ
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3 Z(un<[u,v1>—w<[u,v1>)| < 3 |l o) = v,
€
< Z

The first two inequalities are results of the monotonicity and nonnegativity of
the sequence {f,}, while the third results from our choice of N. For the second
sum,

S (villwo]) - f@ - w) | £ 3 o<
i=N| P, ==

This again follows from Henstock’s Lemma. For the third sum,

> (FO@=w) - ful&0 - )

P;

n—1
> <Y Sg©O@-u) <

i=N £

The first inequality results from our definition of E; while the second results
from our d-fine partition also being §9-fine as well as our construction of g.
Therefore

3e
> (vl o)) = @@ —w)| < T
£
Hence
p 4 2n
Therefore we may conclude that [I — 7" f(&)(t; — t;—1)| < € for all §-fine
partitions of [a, 00)T. O

Theorem 4.2 (Dominated Convergence Theorem). Suppose f,, n € N, g,
and h are HK A-integrable on [a,00)t and g(t) < fn(t) < h(t) fort € [a, c0)T.
Also supposed f, — [ pointwise on [a,00)r. Then f is HKA-integrable on
[a, 00)r with lim, e HK [ fu(t)At = HK [ f(t)At.

For the proof of this theorem, we shall use the following lem.

Lemma 4.3. If fi, 1 <k <mn, and h are HK A-integrable on [a, c0), with 0 <

fe(@) < h(t) fort € [a,00)t, and 1 < k < n, then f(t) := max{fi(t), f2(t), ..., fu(t)}
is HK A-integrable on [a, 00)T.
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Proof. If this is true for n = 2, then we may proceed by induction to show that it
is true for arbitrary n. Since fi(t) < h(t), the maximum of any pair of functions
is also < h(t). Therefore it suffices to prove the lem for n = 2. Suppose f, g,
and h are HK A-integrable on [a, 00)r and f(t), g(t) < h(t). Consider

[£(t) = g(O)] = 2 maz{f(t),9(t)} — f(t) — g(t) < 2h(t) — f(t) — g(t)

Since 2h(t) — f(t) — g(t) is HK A-integrable, |f(t) — g(t)| is HK A-integrable.
Therefore max{f(t), g(t)} is also H K A-integrable. O

Proof. (of the Dominated Convergence Theorem) Note here as in the Mono-
tone Convergence Theorem, that we may consider only nonnegative functions
bounded by an integrable upper limit by considering h(t) — g(t) and f,(¢) —g(t).
In the proof of the Monotone Convergence Theorem, we only use the monotone
convergence of the sequence of functions to determine how large N must be for
|, — >0, fu(&)(ti — ti—1)| < e for all n. Therefore, given our suppositions on
the convergent sequence of functions, we shall simply give a new definition of
N such that the term,

ni:l > (Vn([uav]) - Vi([U,v]))
i=N | P,

where P; is as it is in the proof of the Monotone Convergence Theorem. Since
0 < fi(t) < h(t) for all k, |fim(t) — fu(t)] < h(t) for all m, n. By the pre-
vious lem, |f,(t) — fn(t)| is HEK A-integrable and so for all j, k, g;x(t) =
mazj<mn<i{|fm(t) — fn(t)|} is HKA-integrable and g;x(t) < h(t). We ap-
ply the Monotone Convergence Theorem to {g;x}7>, to say that g;r — p;
where p; is HK A-integrable. By the Cauchy criterion, p;(t) — 0 for all t. We
may apply the Monotone Convergence Theorem again to —p;(t) to say that
[ pi(t)At — 0 as j — oo. Therefore we choose N such that [ p,(t)At < £
for all n > N. We have

9
<Z,

n—1 v o)
g
313 ()~ il < 3 / Palt)At < / pu(B)AE < <,
i=N | P; £
where £ = U~y P;. This concludes the proof. O
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